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Abstract

This thesis studies the large time behaviour and metastability in weakly interacting Markov pro-
cesses with jumps. Our motivation is to quantify the large time behaviour of various networked
systems that arise in practice.

The first set of results are for finite-state mean-field interacting particle systems. We first
obtain a sharp estimate (in the exponential scale) on the time required for convergence of the
empirical measure process of the N-particle system to its invariant measure; we show that
when time is of the order of exp{ NA} for a suitable constant A > 0, the process has mixed
well and it is close to its invariant measure. We then obtain large-N asymptotics of the second
largest eigenvalue of the generator associated with the empirical measure process when it is
reversible with respect to its invariant measure. We show that its absolute value scales as
exp{—NA}. The main tools used in establishing these results are the large deviation properties
of the empirical measure process from its large-N limit. As an application of the study of the
large time behaviour, we also show the convergence of the empirical measure of the system of
particles to a global minimum of a certain ‘entropy’ function when particles are added over time
in a controlled fashion. The controlled addition of particles is analogous to the cooling schedule
associated with the search for a global minimum of a function using the simulated annealing
algorithm.

We then consider an extension of this finite-state mean-field model in which the particles
are subject to a fast varying random environment. The second result of this thesis is the path-
space large deviation principle (LDP) for the joint law of the empirical measure process of the
particles and the occupation measure process of the fast environment. This extends previous
results known for two time scale diffusions to two time scale mean-field models with jumps.
Our proof is based on the method of stochastic exponentials. We characterise the rate function
by studying a certain variational problem associated with an exponential martingale.

The third result is on the asymptotics of the invariant measure in countable-state mean-
field models. The Freidlin-Wentzell quasipotential is the usual candidate rate function for the

sequence of invariant measures indexed by the number of particles. We first provide two coun-



Abstract

terexamples where the quasipotential is not the rate function. The quasipotential arises from
finite horizon considerations. However there are certain barriers that cannot be surmounted
easily in any finite time horizon, but these barriers can be crossed in the stationary regime. Con-
sequently, the quasipotential is infinite at some points where the rate function is finite. After
highlighting this phenomenon, we study some sufficient conditions on a class of interacting par-
ticle systems under which one can continue to assert that the Freidlin-Wentzell quasipotential

is indeed the rate function.
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Chapter 1
Introduction

This thesis studies the large time behaviour and metastability in Markovian mean-field inter-
acting particle systems. Our motivation to study such questions comes from the performance
analysis of networked system such as loss networks, wireless local area networks, load balancing
networks, etc. Many of these networked systems can be abstracted using suitable models of
Markovian mean-field interacting particle systems, and the goal of this thesis is to understand
and quantify the large time behaviour of these models.

Let us begin with an illustration of the metastability phenomenon using a simple example of
a double-well potential. Consider the one-dimensional dynamical system dX, = —U’(X,)dt, t >
0, where the function U is depicted in Figure 1.1(a). The function U has two local minima,
labelled at points a and b, and a critical point at the origin. If this system is initiated at
a point to the left of a (resp. to the right of b), it would move towards the local minimum
a (resp. b), as shown by the black arrows. We say that a and b are stable equilibria of the
dynamical system. If the system is started at the origin, it stays at the origin forever. We now
consider a noisy perturbation of this dynamical system by adding a small amount of Gaussian
noise. Let B;,t > 0, denote a standard one-dimensional Brownian motion and consider the
noisy system dX; = —U'(X§)dt + \/edBy, t > 0, where ¢ > 0 is a small parameter. Since
the noise is small, similar to the deterministic dynamical system, trajectories starting at points
to the left of a (resp. to the right b) move towards a (resp. b). However, since the system is
noisy, trajectories that stay in a neighbourhood of b could potentially climb the barrier and
move to a neighbourhood of a, and vice-versa. Such a transition from a neighbourhood of b
to a neighbourhood of a is depicted in Figure 1.1(b). It turns out that such transitions can
be observed over time durations of the form exp{constant/c} for a suitable constant. Thus we
find that the trajectories of the above noisy system exhibit different behaviour over different

time scales. On one hand, if we focus on a fixed time duration and consider the system for a
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Figure 1.1: Illustration of the metastability phenomenon using the double-well potential. Fig-
ure (a) depicts trajectories of the dynamical system under consideration and figure (b) depicts
a transition from a neighbourhood of b to a neighbourhood of a when this dynamical system is
subject to a small random perturbation.

small € > 0, then it would most likely track a trajectory of the deterministic dynamical system.
On the other hand, if we consider time durations of the form exp{constant/e} for small ¢ > 0,
then we would observe transitions from one equilibrium to the other. Such a phenomenon
where a system exhibits different dynamical behaviour over different time scales is referred to
as metastability.

For the models of mean-field interacting particle systems considered in this thesis, the
empirical measure of the system of particles can be viewed as a small random perturbation
of a certain limiting dynamical system that evolves on the space of probability measures on a
suitable set. The vector-field of this limiting dynamical system creates many stable equilibria,
limit cycles, and/or chaotic attractors (see Figure 1.2 for an illustration). Typically a stable
equilibrium is associated with a certain performance metric of the system under study; for
instance, in the context of a wireless local area network, a stable equilibrium is associated with
a certain average throughput of the system. Transitions between stable equilibria of the state
space occur in these systems over large time durations, see Figure 1.2 for a transition from a
neighbourhood of a to a neighbourhood of b. Therefore, from the point of view of performance
analysis of these systems, one is interested in quantifying (i) the mean time spent by the system
in a neighbourhood of an equilibrium, (ii) the probability of transiting to a neighbourhood of
a given equilibrium before reaching another one, etc. Furthermore, owing to the presence of
multiple equilibria, the system may get trapped in some undesired equilibrium for a long time.
This results in slower convergence of the system to its stationary behaviour. Thus, one is also
interested in quantifying the mixing time of these systems. The goal of this thesis is to quantify

such large time behaviour in models of Markovian mean-field interacting particle systems.
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Figure 1.2: Illustration of the metastability phenomenon using an abstract dynamical system.
The points a and b are two stable equilibria and ¢ is a stable limit cycle of the dynamical
system. Thick black arrows indicate the trajectories of the unperturbed dynamical system.
Light black boundaries demarcate the basins of attraction of these w-limit sets. The zig-zag
curve indicates a sample path of a small random perturbation of the dynamical system over a
large time duration. The random process starts in the basin of attraction of the equilibrium a,
reaches a small neighbourhood of a, spends a lot of time there, and then makes a transition to
a small neighbourhood of the equilibrium b.

1.1 Motivating examples

The motivation to study the questions addressed in this thesis is to quantify the large time
behaviour and metastability phenomenon in a variety of applications that arise in practice.
These applications include engineered system such as load balancing networks [2, 1, 65, 64, 41],
wireless local area networks [10, 6, 14, 51, 75, 11], retrial queues [4], loss networks [46], and
natural systems such as grammar acquisition, sexual evolution [68, 69], and epidemic spread [54,
3], to name a few. For a generic introduction to metastability and other stochastic models where
it arises, see [67, 16]. In this section, we describe two applications that can be modelled using
the mean-field interacting particle systems considered in this thesis. These two examples are (i)
dynamic alternate routing in loss networks, and (ii) distributed medium access control protocols

in wireless local area networks.

1.1.1 Loss networks with dynamic alternate routing

Consider N links (also called particles). Each link has C units of resources available with it.

Calls arrive to each link according to independent Poisson point processes of rate A. Each call



requires one unit of resource. When a link has at most C' — 1 calls in progress, an incoming
call to that link is accepted and it occupies a random amount of time on that link which is
distributed according to an exponential random variable with unit mean. When an arriving
call to a link finds that it is fully occupied (i.e., when there are C' calls in progress), then two
other links are randomly picked and the call is rerouted to both. If both these links are not
fully occupied, then the call behaves as two independent calls and they occupy both those links
for independent random amounts of time distributed as exponential random variables with unit
mean. If not (i.e., when at least one of those two links are fully occupied), the call gets rejected
from the system. This model arises in the context of loss networks with dynamic alternate
routing (see [40]).

Let XN (t) denote the number of calls in progress on the nth link at time ¢. This is the state
of the nth particle at time ¢. Let p(t) = SN 6 x~( denote the empirical measure of the
states of all the particles at time ¢; ™ (¢)(c), 0 < ¢ < C, denotes the fraction of links with ¢
calls in progress at time t. We can write down the transition rates of each particle in terms of
the empirical measure V. Consider a tagged particle n. Let ¢ denote its state at time ¢ and let
¢ denote the empirical measure of the system of particles at time . Then the transition rates

of the nth particle at time t are as follows:

{c—l at rate ¢, if ¢ > 1,
cC —

c+1 atrate A+ NX(O) x%, ife<C—1.

The first transition corresponds to a call leaving the nth link after completion and the second
transition corresponds to an incoming call to the nth link. An increment in the number of
calls on the nth link could either be because of the incoming request to the nth link (at
rate \) or because of a rerouted request from another link that is fully occupied (at rate
NXE(C) x w) We thus find that the transition rates of a particle depend on the states
of the other particles only through the empirical measure of the states of all the particles. This
model falls within the framework of a finite-state mean-field interacting particle system studied
in Chapter 2.

For each T > 0, the empirical measure process {u" (¢),t € [0,T]} can be viewed as a small
random perturbation of a certain dynamical system that evolves on the space of probability
measure on {0,1,...,C}. It can be shown that the noisy process converges to this limiting
dynamical system as N — oo in the space of trajectories, in probability. It is known that such
models exhibit metastability [40]. For certain choices of the model parameters, it turns out that

this dynamical system possesses two stable equilibria and an unstable equilibrium. Therefore,



one can observe transitions (similar to the one depicted in Figure 1.1) between the stable
equilibria of this dynamical system over large time durations. See Tibi [85] for some estimates
on the exit times. More recently, Olesker-Taylor [66] established that under the regime where
the system exhibits metastability, the mixing time of the process {u¥ (t),t > 0} is exponential
in the number of links. In Chapter 2 of this thesis, we consider a generic finite-state mean-field
interacting particle system and study its large time behaviour and convergence to stationary.
From these results, we can quantify the large time behaviour and metastability in loss networks

with dynamic alternate routing.

1.1.2 Wireless local area networks with multiple classes of users

Let there be N nodes in a wireless local area network (WLAN). Time is divided into slots. Each
node has a state associated with it, which represents the probability of attempting a packet
transmission in a slot. Since the network could be spread over a large geographical area, the
nodes are grouped into C classes; every node that belongs to a class can hear the transmissions
of every other node in that class. Figure 1.3 depicts an example network with 7 nodes and 3
classes. The interaction among the nodes comes from the distributed channel access algorithm
executed by the nodes. This interaction results in the evolution of the state of each node in
the following fashion: a node that incurs a collision upon a packet transmission moves to a
different state with a reduced probability of attempt, and upon a successful transmission moves
to another state with an increased probability of attempt. Figure 1.4 depicts the set of allowed
transitions of a node; in typical WLAN implementations, the most aggressive state is 0 and the
least aggressive state is K. A node moves from state 7 to state i+1 when it incurs a collision, and
moves from state ¢ to state 0 when a packet is successfully transmitted. Since multiple nodes
could transmit at the same slot, the channel corresponding to a class of nodes could be in three
different states in a given time slot: (i) an idle slot (denoted by state 0), (ii) a collision (state 2)
or (iii) a successful packet transmission (state 1). We refer to the channel state corresponding
to each class of nodes as the environment, i.e., at each time slot, the environment is an element
of {0,1,2}¢ with the cth coordinate representing the channel state of the cth class of nodes.
We now see how to translate this to an approximate continuous-time model for large V.

To describe the transition rates of the continuous time model, we shall consider a scaled
version of the above discrete time model where each time slot is of duration 1/N. Let p;/N
denote the attempt probability of a node in state 7. Let A denote the interference matrix among
the classes, specifically, A.4 = 1 implies that a class ¢ node’s transmission is interfered by a

class d node’s transmission. Let V. = {d: A.4 = 1} denote the classes that interfere with class



Figure 1.3: A wireless local area network with 3 classes and 7 users; interference among classes
are indicated by arrows.

Figure 1.4: Set of allowed transitions for a particle in a WLAN.

¢ nodes’ transmissions; in particular, ¢ € V.. Consider an epoch. For each i € {0,1,..., K}
and c € {1,2,...,C}, let & denote the fraction of nodes (among the nodes in class ¢) in state i.
Let y € {0,1,2}¢ denote the state of the environment. At this epoch, a tagged node ny in state
1 # 0 in class ¢ moves to state 0 when it successfully transmits a packet. This occurs when the
following are true: (i) the tagged node transmits, (ii) there is no interference from the other
nodes in class ¢ (which occurs when every other node in class ¢ could potentially transmit, i.e.,
there is no interference from any node in the set of classes V., but no one transmits), and (iii)
there is no interference from the nodes in the other classes in V, except c¢. The product of the

probabilities of these events can be written as

all classes in V. are idle and no other node in class ¢ transmits

the tagged node ng in state ¢ transmits ~ A\
p Dstate(n)
% state(n
Vo () (I G-e)
deVe nec,n#ng

< 1 (H 1{yd/0}> ' (H (1 N pSt?tve(n)>> - (1 - 11 1{yd’°}) ’

deVe,d#c d'evy ned d'evy
N - J/ . - J/

all classes in Vj are idle and no node in class d transmits  some class in Vj is not idle

where 13 denotes the indicator function and state(n) denotes the state of the nth node at the
epoch under consideration. Scaling the above by N, and noting that [],_,(1 — Dstaten)/N) ~
exp{— K pi€?} and the term exp{— 3. p:i£¢} arising from the first line above can be ab-



sorbed in the product in the second line, the corresponding transition rate of the continuous

time model at this epoch can be approximated as

K
() B () o))
dev, dev, d'evy i=0

Similarly, a tagged node in state ¢ moves to state ¢ + 1 when it incurs a collision. This occurs
when (i) the tagged node transmits, and (ii) at least another node from either class ¢ or any
other class from V, transmits. Proceeding as above, the transition rate of a class ¢ node from

state ¢ to state ¢ + 1 is

() b () o 5]

We can also write down the transition rates of the environment. For example, a transition from

the all-0 state to the state y with y. = 1 and y; = 0 for all d # ¢ (which happens when any

node in class ¢ makes a successful transmission) occurs with probability

node n in class ¢ transmits  no other node in class ¢ transmits
7\

Pstate(n) - Dstate(n’) \
2 N < 1T (=25

nec n/€c,n’#n

As before, scaling the above with N, the corresponding transition rate for the continuous time

model is

K K
(szi§f> X exp {_szff} :
i=0 1=0

From the above description, we see that the transition rates of a node at time ¢ depend
on the state of the environment at time ¢ and the empirical measure of the states (via the
attempt probabilities) of all the nodes of its neighbouring classes at time . We also see that
the transition rates of the environment depend on the states of the nodes in that class, but only
through their empirical measures. Further, the environment makes O(N) many transitions over
a given O(1) time duration. Such a mean-field model where there is a time scale separation
between the particles and the environment falls in to the framework of two time scale mean-field

models studied in Chapter 3. In particular, if all the nodes are visible to each other, then one
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Figure 1.5: A sample path of the evolution of the empirical measure in a WLAN under the
MAC protocol. The abscissa and the ordinate represent the fraction of nodes in states 0 and 1
respectively; the fraction of nodes in state 2 is such that the sum of the three is 1. The process
starts near the point (0.3,0.7), spends a lot of time in a neighbourhood of (0.6,0.4), and then
transitions to a neighbourhood of (0, 0).

can write down the transition rates of a node in terms of the empirical measure of the states of
all the nodes (without involving the channel state), which falls under the finite-state mean-field
model considered in Chapter 2.

A study of the law of large numbers for the above two time scale model in the large-N
regime has been done by Bordenave et al. [14] towards understanding the average throughput
obtained by a node in a given class. The results of Chapter 3 of this thesis provide a finer
asymptotic analysis, in the realm of large deviations, which enables us to study the large time
behaviour and metastability in such systems.

We now demonstrate the metastability phenomenon in a WLAN with a single class of
users using a numerical example. Let us consider a WLAN consisting of 30 nodes, accessing a
common wireless medium using the standard 802.11 medium access control (MAC) protocol [52,
Chapter 7]. In this example, each node can be in three states (i.e., K = 2). A sample path
of the evolution of the fraction of nodes in each state is shown in Figure 1.5. This example is
designed in such a way that there are two stable equilibria in the system, one near (0.6,0.4)
which is the “good” equilibrium in the sense that every node gets a fair amount of access to
the channel, and the other near (0,0), which is the “bad” equilibrium, where every node keeps

on attempting for a transmission which results in nobody getting access to the channel. As



shown in the figure, the system is initialised at a point near (0.3,0.7) and it remains in the
neighbourhood of the “good” equilibrium for a long time (about 10 slots), but eventually it
finds its way to the “bad” equilibrium (0,0). Thus, even though the desired operating point
is near (0.6,0.4), the network eventually transits to a neighbourhood of (0,0) leading to a
low network throughput. If we wait long enough, we would also see another transition from
a neighbourhood of the “bad” equilibrium to the “good” equilibrium. This is an example of
the metastability phenomenon observed in WLANs. The goal of this thesis is to quantify such

phenomena.

1.2 Summary of results

Since this thesis studies the large time behaviour and metastability in mean-field models, as
illustrated in the previous section, our primarily focus is to understand and quantify various
rare events associated with mean-field interacting particle systems. In this thesis, we use the
theory of large deviations to quantify the probabilities of rare events. Roughly speaking, the
theory of large deviations quantifies the probabilities of rare events in the following form: for
a sequence of S-valued random variables {X N > 1} and a set A C S, the probability of
the event { XV € A} is given by exp{—Ninf,c4 I(z)}, where I : S — [0, 00] is called the rate

function. A more precise definition is given below.

Definition 1.1 (Large deviation principle). Let (S, dy) be a metric space. We say that a family
{XN N > 1} of S-valued random variables defined on a probability space (£, F, P) satisfies
the large deviation principle (LDP) with rate function I : & — [0, oo if

e (Compactness of level sets). For any s > 0, ®(s) == {x € S : I(z) < s} is a compact
subset of S;

e (LDP lower bound). For any v > 0, § > 0, and x € S, there exists Ny > 1 such that
P(do(X",x) < 8) > exp{—N(I(z) +7)}

for any N > N;

e (LDP upper bound). For any v > 0, § > 0, and s > 0, there exists Ny > 1 such that
P(do(X™, ®(s)) > §) < exp{—N(s — 7)}

for any N > Nj.



For the problems studied in this thesis, the metric space in the above definition may either be
the space of probability measure-valued trajectories on a finite time interval or the space of
probability measures on a suitable set. The first case corresponds to the study of the process-
level large deviations of random processes arising in various contexts and the second corresponds
to the study of the large deviations of the family of invariant measures of these processes. With

this brief introduction to large deviations, we now summarise the results of this thesis.

Large time behaviour of finite-state mean-field models (Chapter 2): This chapter
studies the large time behaviour and metastability in finite-state mean-field models. We con-
sider N particles. Each particle has a state associated with it which comes from a finite set
Z. The state of the nth particle at time ¢ is denoted by XN (t) € Z. These states evolve over
time in a Markovian fashion. The set of allowed transitions for the particles is described by a
directed graph (Z, ). The empirical measure of the system of particles at time ¢ is defined by
pN(t) =+ SN XN (1), where § denotes the Dirac measure on Z. The states of the particles
change over time as follows. At time ¢, a particle in state z makes a z — 2’ transition at rate
A (N (t)), where X, ./, (2,2') € €, are given functions on the space of probability measure on
Z. That is, the evolution of the state of a particle depends on the states of the other particles
only through the empirical measure of the states of all the particles.

In this setting, under suitable assumptions on the model, we establish three results. The
first result quantifies the convergence of the process p to its invariant measure. We show
that there is a constant A (which is described in terms of the structure of a certain limiting
dynamical system) such that when time is of the order exp{ N(A+¢)} for any 6 > 0, the process
4V has mixed well and it is close to its invariant measure, regardless of the initial condition
(see Theorem 2.1). The main ingredients in the proof of this result are the quantifications of
the large time behaviour of the process u”, which are of independent interest. We also prove
that this constant A is sharp (see Theorem 2.2). The second result is on the asymptotics of the
second largest eigenvalue of the generator of the process " when it is reversible with respect
to its invariant measure; we show that it scales as exp{—NA} (see Theorem 2.3). In the third
result, we show that we can steer the process u via controlled addition of the particles over
time so that, with probability 1 — o(1) (as time becomes large), the process u” converges to
a small neighbourhood of a global minimum of a certain entropy function (see Theorem 2.4).
This is reminiscent of the simulated annealing algorithm to find a global minimum of a given

function using noisy dynamical systems.

Process-level large deviations of two time scale mean-field models (Chapter 3): This

chapter studies the large deviations of a two time scale mean-field interacting particle system.
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This model is an extension of the model considered in Chapter 2. We consider N particles
and an environment. Their states evolve over time in a Markovian fashion. Let X¥(¢) denote
the state of the nth particle and YV (¢) denote the state of the environment at time ¢. The
states of the particles come from a finite set X and that of the environment comes from a
finite set ). As before, we define the empirical measure of the system of particles at time ¢
as uN(t) = % ZnNzl dxn@)- At time ¢, a particle in state x makes an x — 2’ transition at
rate Ay (0¥ (t),YV(t)), and the environment in state y makes a y — 1/ transition at rate
N7y, (0 (t)). That is, the transition rates of a particle depend on the states of the other
particles through the empirical measure of the states of all the particles and the state of the
environment, and the transition rates of the environment depend on the empirical measure.
We also note that the environment evolves in a faster time scale; hence there is time scale
separation between the particles and the environment.

In Chapter 3, under suitable assumptions on the above model, we prove a large deviation
principle for the joint law of the empirical measure process of the particles and the occupation
measure process of the fast environment (see Theorem 3.1). The rate function for this large
deviation principle is governed by “costs” associated with trajectories on suitable path-spaces.
Using this result and the results on the large time behaviour of finite-state mean-field models
established in Chapter 2, we can study the large time behaviour and metastability in mean-field

models with time scale separation.

Large deviations of the invariant measure in countable-state mean-field models
(Chapter 4): This chapter studies mean-field interacting particle systems with a countable
state space. Let Z denote the set of nonnegative integers and let (Z, £) denote a directed graph.
As before, we consider N particles. Let XV (¢) denote the state of the nth particle at time ¢. The
empirical measure of the system of particles at time ¢ is defined by u™ (t) == % ZnN:I Oxn (- At
time ¢, a particle from state z moves to state 2’ at rate A, .,(u (¢)). Under suitable assumptions
on the model, the Markov process p”¥ possesses a unique invariant probability measure o',
which is a probability measure on the space of probability measures on Z. We study the large
deviations of the family {©", N > 1} in Chapter 4.

For a broad class of Markov processes such as small-noise diffusions, finite-state mean-field
models, simple exclusion processes, etc., it is well-known that the Freidlin-Wentzell quasipo-
tential is the rate function that governs the family of invariant measures. We first provide two
counterexamples of countable-state mean-field models where the family of invariant measures
satisfies the LDP whose rate function is governed by a certain relative entropy, which is not the

same as the quasipotential. Specifically, we show that there are points in the state space where
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the rate function is finite, but the quasipotential is infinite. We then impose some assump-
tions on the model, restricting attention to situations where such issues do not arise, and show
that the family of the invariant measures satisfies the large deviation principle on the space
of probability measure on Z whose rate function is indeed governed by the quasipotential (see
Theorem 4.1).

1.3 Organisation

This thesis is organised as follows. Chapter 2 studies the large time behaviour and metastability
in finite-state mean-field models. Chapter 3 studies the process-level large deviations of finite-
state mean-field models with time scale separation. Chapter 4 studies the large deviations of
the invariant measure in countable-state mean-field models. In the beginning of each chapter,
we describe the setting of the problem, notations, main results and novelties, and connections
to the existing literature for the problems studied in that chapter. Chapter 5 concludes the

thesis and discusses some open questions.
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Chapter 2

Large Time Behaviour of Finite-State
Mean-Field Models

2.1 The setting and main results

2.1.1 The setting

Let there be N particles. Each particle has a state associated with it which comes from a finite
set Z; the state of the nth particle at time ¢ is denoted by XV (t) € Z. The empirical measure
of the system of particles at time ¢ is defined by

N
1

where §. denotes the Dirac measure on Z. Here, M;(Z) denotes the space of probability
measures on Z equipped with a metric that generates the topology of weak convergence! on
M;(Z). Each particle has a set of allowed transitions; to define this, let (Z,&) be a directed
graph with the interpretation that whenever (z, 2’) € £, a particle in state z is allowed to move
from z to z’. To specify the interaction among the particles and the evolution of the states of
the particles over time, for each (z,2') € £, we are given a function A, : My(Z) — [0, 00).

We consider the generator ¥V acting on functions f on Z¥ by

1Since Z is a finite set, the total variation metric on M;(Z) generates this topology.
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WNPEN) =D Y A &) (2, ) — F(2Y);

n=1 z! :(zn,z!,)€E

here zV = % ZnN:1 J,, € M1(Z2) denotes the empirical measure associated with the configura-
tion zV € ZV, and zfx ... denotes the resultant configuration of the particles when the nth

particle changes its state from z, to zJ,.

We make the following assumptions on the model:
(A1) The graph (Z,€) is irreducible.

(A2) The functions A, (), (z,2") € &, are Lipschitz continuous on M;(Z) and there exist
positive constants ¢, C' such that ¢ < A, /() < C for all (z,2') € € and all £ € M,(Z).

Let D([0,00), Z") denote the space of Z¥-valued functions on [0, c0) that are right contin-
uous with left limits (cadlag), equipped with the Skorohod-.J; topology (see [34, Chapter 3]).
Since the transition rates are bounded (by assumption (A2)), the D([0, 00), Z")-valued mar-
tingale problem for U¥ is well posed (see [34, Exercise 15, Section 4.1]); therefore, given an
initial configuration of the particles (X (0),1 < n < N) € ZV we have a Markov process
((XN(t),1 <n < N),t > 0) whose sample paths are elements of D([0,00), Z¥). To describe
the process in words, a particle in state z at time ¢ moves to state z’ at rate A, /(1" (t)) inde-
pendent of everything else; i.e., the evolution of the state of a particle depends on the states
of the other particles via the empirical measure of the states of all the particles, hence the
name mean-field interaction. Note that the empirical measure process (u¥(t),t > 0) is also a
Markov process with state space MY (Z) which is the set of elements of M;(Z) that can arise
as empirical measures of N-particle configurations on Z%. Its generator L" acting on functions
f on MY(Z) is given by

LY =N S (€ [f (5 v %) - f(&)} .

(2,2)€€

Since Y is a Markov process on a finite state space, and since the graph (Z, €) of the allowed
particle transitions is irreducible (Assumption (A1)), there exists a unique invariant probability
measure for ', which we denote by V. Also, let P, denote the law of (uV(t),¢ > 0) with initial
condition pN(0) = v € MY (Z) (i.e. the solution to the D([0,00), M;(Z))-valued martingale
problem for LY with initial condition v € M¥(Z)) and let E, denote integration with respect
to P,; in both P, and E, we suppress the dependence on N for ease of readability.
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2.1.2 Main results

Let us now discuss the main results of this chapter. All results of this chapter are established
under assumptions (A1) and (A2) on the particle system, and a further assumption (B1) on
the structure of the large time behaviour of the ODE (2.1) (see Section 2.3).

2.1.2.1 Convergence to the invariant measure

Our first main result is on the time required for the process ;" to equilibrate. This time grows
at an exponential rate with the number of particles N where the rate is the constant A > 0

which will be defined in (2.9).

Theorem 2.1. Given § > 0 there exist ¢ > 0 and Ny > 1 such that, with T = exp{N(A +9)},

sup | B, (f(1™(T))) = (f, 9™)] < 1 f]loo exp{— exp(Ne)}
veMN (2)

for all N > Ny and all bounded Borel-measurable functions f on My(Z).

The result says that when time is of the order exp{N(A + 9)} for any 6 > 0, the process
has mixed well and it is close to its invariant measure. The proof of this result is based on the
study of the large time behaviour of the process V. Before we describe this, let us mention a
well-known law of large numbers for the process p¥ [59, 39, 83, 6]. This will not only pave the
way for a suitable description of the constant A but also lead us to a converse of Theorem 2.1
and the significance of A.

Assume (A1) and (A2), and suppose that the initial conditions {z™(0), N > 1} converge
weakly to a deterministic measure v € M;(Z) as N — oo. Then for any fixed T" > 0,
the empirical measure process {(u™(t),t € [0,T]), N > 1} converges in D([0,T], M(Z)), in
probability, to the solution to the ODE

i) = Njgou(t), £ € [0,7], p(0) = (21)

where, for any & € M;(Z), A¢ denotes the |Z| X |Z]| rate matrix' when the empirical measure
is €, A{ denotes its transpose, D([0,T], M;(Z)) denotes the space of M;(Z)-valued cadlag
functions on [0, T] equipped with the Skorohod-.J; topology (we assume that all paths are left

continuous at T'), and both u(t) and f(t) are viewed as column vectors. The above ODE is

!The rate matrix is given by A¢(z,2') = X .(§) when (z,2') € &, A¢(2,2') = 0 when (z,2/) ¢ &, and
Ae(z,2) = =324, A (§) forall z € 2.
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referred to as the McKean-Vlasov equation. The above convergence result enables one to view
the process ¥ as a small random perturbation of the ODE (2.1).

We now elaborate on the large time behaviour of V. Suppose that the limiting McKean-
Vlasov equation (2.1) has multiple w-limit sets (multiple stable equilibria and/or limit cycles).
If we focus on a fixed time interval [0, T, let the number of particles N — 0o, and let the initial
conditions 1~ (0) converge weakly to a deterministic limit v, then the mean-field convergence
suggests that the empirical measure process tracks the solution to the McKean-Vlasov equa-
tion (2.1) over [0, T] starting at v. If we then let T — oo, the solution to the McKean-Vlasov
equation goes to an w-limit set of (2.1) depending on the initial condition v. On the other
hand, for a large but fixed N, the process would track the McKean-Vlasov equation with high
probability and, as time becomes large, would thus enter a neighbourhood of the w-limit set
corresponding to the initial condition v; however, because of the randomness in the finite-N
system, the process can exit the basin of attraction of this w-limit set. It is then likely to
remain in a neighbourhood of another w-limit set for a large amount of time before transiting
to the next one, and so on. These are examples of metastable phenomena, and it turns out that
the sojourn times in the basin of attraction of an w-limit set are of the order exp{O(N)}, as
we shall soon see. The proof of Theorem 2.1 exploits quantitative estimates of the following

metastable phenomena,
(i) the mean time spent by the process near an w-limit set,

(ii) the probability of first reaching a particular w-limit set’s neighbourhood before reaching

the neighbourhood of another one, and

(iii) the probability of traversing the neighbourhoods of a given set of w-limit sets in a partic-

ular order.

These quantifications are important in their own right as they help predict the performance of
engineered systems, some of which are described in Section 1.1. We study the aforementioned
metastability questions in Section 2.3. Such large time phenomena for diffusion processes with
a small noise parameter have been studied in the past by Freidlin and Wentzell [37] under the
“general position condition” (see [37, Sections 6.4-6.6]). Hwang and Sheu [44] studied the large
time behaviour for diffusion processes under a more general setup. The key in both these works
is the large deviation properties of the small noise diffusion processes over finite time durations,
which have been established in [37, Chapter 5]. In this chapter, we extend the analysis to
Markov mean-field jump processes, specifically {u™(-), N > 1}.
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The proof of Theorem 2.1 is carried out using lower bounds (Theorem 2.8) for the probability
that, starting from any point in MY (Z), the process p¥ is in a small neighbourhood of one of
the most stable’ w-limit set(s) of the McKean-Vlasov equation (2.1) when time is of the order
exp{N(A—dp)}, for a small §p > 0. The constant A is defined using “costs of passages” between
the w-limit sets of the McKean-Vlasov equation (2.1). These costs are quantified in terms of
the large deviations rate function associated with the process pV via certain graphs called W-
graphs (see Section 2.3.2 for the definition of W-graphs). In particular, A is positive when the
limiting dynamics (2.1) has multiple stable w-limit sets. See (2.9) for a precise definition of A.

Our next result is, in a certain sense, a converse of Theorem 2.1. Let 73 be one of the most
stable w-limit set(s) of (2.1).

Theorem 2.2. There exist vy € My(Z), d >0, 8 >0, p1 > 0 and Ng > 1 such that, with
T = exp{N(A - 3)},

P, (u™N(T) € (the py neighbourhood of iy)) < exp{—Nf}.

for all v in the py-neighbourhood of vy in MY (Z) and N > Ny.

In other words, when time is of the order exp{N(A — §)}, there are initial conditions v €
MY (Z) such that the probability that " (exp{N(A —§)}) is in a small neighbourhood of one
of the most stable w-limit set(s) is exponentially small. The process is then not likely to have
equilibrated because it has not visited a set with high invariant measure. Thus, Theorem 2.1
and Theorem 2.2 together indicate that the constant A is sharp (in the exponential scale) for
the time required for equilibration of u™¥(-).

A convergence result similar to that of Theorem 2.1 for the mean-field discrete-time setting
but without the specification of the constant A was established by Panageas and Vishnoi [68].
Let us reemphasise that our setting is a continuous-time setting. To identify the constant A
in this setting, we must study the large deviation asymptotics in greater detail. Theorems 2.1
and 2.2 combine time and the number of particles. Additionally, Theorem 2.1 is a statement
that holds uniformly over all initial conditions unlike the convergence bounds (over time) for
a fixed number of particles with a given initial condition, e.g. [84]. The proof of Theorem 2.1
is inspired by that of Hwang and Sheu’s [44, Theorem 2.1, Part I] where similar results are

established for small noise diffusions.

1See Section 2.3.5 for a precise definition.
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2.1.2.2 Asymptotics of the second largest eigenvalue

Our second main result is on the asymptotics of the second largest eigenvalue of the generator
LN of the Markov process Y when it is reversible with respect to its invariant measure .
That is, the operator LY is self-adjoint in L?*(p") and it admits a spectral expansion; let
0=A > -\ > -\ > ... denote its eigenvalues in the decreasing order. See Example 2.2
for the description of a reversible system that arises in statistical physics. For a fixed N, the
convergence speed of the process p!V to its invariant measure (over time) can be understood by
studying the modulus of the second largest eigenvalue of LY (i.e. AY). Using the results on
the large time behaviour of " and the convergence result in Theorem 2.1, we show that the
modulus of the second largest eigenvalue of LY scales as exp{—NA}; here A (defined in (2.9))

is the constant that appears in the statement of Theorem 2.1. More precisely,

Theorem 2.3. Assume that LV is reversible with respect to o for each N > 1. Then,

A}i_lgo%log A = —A.

It turns out that A can be positive only when there are metastable states in the limiting
dynamics (2.1) (i.e. when (2.1) possesses multiple w-limit sets). In such situations, one expects
slower convergence to the invariant measure for large values of N. On the other hand, A can be
0, for example, when the limiting dynamics (2.1) has a unique globally asymptotically stable
equilibrium; in this special case, convergence of 'V to its invariant measure does not suffer from
the slowing down phenomenon associated with positive A. In fact, Panageas and Vishnoi [68]
and Panageas et al. [69] show that the mixing time is O(log N) in the discrete-time setting.
Kifer [49] considers a more restrictive discrete-time model, which does not cover the mean-field
model, and identifies the constant analogous to A [49, Theorem 4.3]. The restriction is that
the state space of u? is the same for each N and that a certain uniform finite duration large
deviation principle should hold with the rate function satisfying a continuity property. One can
view our result as an extension of Kifer’s [49, Theorem 4.3] to the continuous-time mean-field
setting, where the state space of the Markov process " changes with N. Hwang and Sheu [44]
establish a result similar to ours on the scaling of the second largest eigenvalue of a reversible

small noise diffusion process, and our method of proof is inspired by their approach.

2.1.2.3 Convergence to a global minimum via controlled addition of particles

Our third main result is on the convergence of the empirical measure process to a global

minimum of a natural ‘entropy’ function when particles are injected over time at a specific
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rate reminiscent of the simulated annealing algorithm’s cooling schedule, N (t) = L%j for a
suitable ¢* and any 6 > 0. This entropy function is the large deviations rate function associated
with the sequence of invariant measures {"™, N > 1}, which is in turn defined in terms of the
large deviations rate function associated with the process p'; see (2.8) for its definition.

Fix ¢ > 0. Let Ny = min{n € N : exp{nc} — 2 > 0}, ty, = 0, and for each N > Nj, let
tny = exp{Nc} — 2. We construct a process with controlled addition of particles as follows. We
start with Ny particles with certain initial states and let the process evolve according to the
generator L™ until time ty,41. For each N > Ny, we add an extra particle at time ¢y, and
for a fixed state zg € Z, we set the state of the new particle to zg and let the process evolve
according to the generator LY from ¢y to ty41 (see a more precise description of the process in
Section 2.5). Let fi denote the above time-inhomogeneous Markov process and let P, denote
the law of 1 on D([0,00), M;(Z)) with initial condition f1(0) = v. Also, let L denote the set
of all w-limit sets of the McKean-Vlasov equation (see Section 2.3.1 for its precise definition)
and let Ly denote the set of all global minima of the entropy function (see Section 2.3.5.1 for

the precise definition of Lgy). Our convergence result is the following.

Theorem 2.4. Assume that Ly # L. There exists a constant ¢* > 0 such that for all ¢ > ¢*
and any py > 0,

Py, (i(t) € (the p1-neighbourhood of L)) — 1

as t — oo, uniformly for all v € MY (Z).

Note that the convergence to a global minimum holds for all starting points. This is of use
in situations where a population growth schedule is applied in order to engineer the mean-field
system’s movement to a desired equilibrium point, as time ¢ — oo. One can also use this
approach to study numerically the most likely region in which the process uV spends time
for large values of N, under stationarity. Again, our proof is inspired by the analysis of the
simulated annealing algorithm in [44, Part III]. We can also choose the transition rates of the

rti minimi iven “ni unction on 1 Xam 3.
articles so as to se a given “nice” function on M;(Z), see Example 2.3

2.1.3 Key ingredients for the proofs

The proofs of our main results follow the outlines in [44]. However, in order to make them work
in our present context (which involves jump Markov processes and the mean-field setting), we

need to establish the following properties:
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e auniform version of the finite-duration large deviation principle for {(u~ (¢),t € [0,T]), N >

1}, where the uniformity is over the initial condition;

e continuity of the cost function associated with movement between points on the simplex

My(2);
e strong Markov property of p ().

The key insight from this chapter is the abstraction of these three properties and their im-
portance in establishing the large time behaviour and metastability properties of mean-field
systems. We leverage the results of [15] to establish the above properties.

We now describe the key ideas in the proofs of the main results of this chapter.

To prove Theorem 2.1, one possible approach is to wait long enough for the process u’¥ to
hit a neighbourhood of one of the most stable w-limit set(s) of (2.1), regardless of the initial
condition, and then allow sufficient additional time for the process to mix well. We prove Theo-
rem 2.1 using this idea; we first consider a sequence of passages of ;¥ between neighbourhoods
of w-limit sets of (2.1) to reach one of the most stable w-limit set. Each of these passages
take place between “stable” subsets of w-limit sets called cycles (see Section 2.3.3). Probability
of each of these passages over time intervals of the form exp{N x constant} for appropriate
constants can be lower bounded, thanks to the uniform large deviation property of " (see The-
orem 2.8). We then tie them up using the strong Markov property of u~. These steps yield a
lower bound on the transition probability for u¥ (see Corollary 2.5) and Theorem 2.1 follows
as a consequence of this. We can also produce an upper bound for probability of these pas-
sages for suitable initial conditions if enough time has not lapsed (see (2.11) in Theorem 2.8).
Theorem 2.2 follows as a consequence of this upper bound.

Theorem 2.3 follows from an application of Theorem 2.1. We use the spectral expansion
of the generator of 1V, when it is reversible with respect to its invariant measure ", and the
large deviation principle for {p", N > 1} to prove Theorem 2.3.

In Theorem 2.4, to bring the process u¥ to one of the most stable w-limit set(s) of (2.1)
(i.e., one of the global minima of our entropy function), regardless of the initial condition, we
introduce new particles over time in a controlled fashion. Before reaching a global minimum,
the system may possibly explore other local minima. Since addition of the particles amounts to
reduction of the “noise” in the process i, we must make sure that the particles are introduced
sufficiently slowly over time so that the system does not get trapped in a local minimum. This
is achieved by the choice of our particle addition schedule N(¢),t > 0, which is the analogue of

the cooling schedule in simulated annealing. The schedule also enables us to apply the uniform
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large deviation principle over sufficiently long time durations to i1 so as to extend the results
on the large time behaviour used in the proof of Theorem 2.1 to the present situation when
the number of particles change over time (see Lemma 2.12-2.14). These extensions along with
the method to analyse the passages of the system through cycles, the idea used in the proof of
Theorem 2.1, enables us to prove a 1 — o(1) lower bound on the probability that f(t) belongs
to a neighbourhood of a global minimum of our entropy function as ¢t — oo, no matter where

we start the process.

2.2 Preliminaries: Large deviations over finite time du-

rations

In this section, we present a large deviation principle for the process Y over finite time dura-
tions. This result will be used later to study the large time behaviour of ;" and the rate of
convergence of 1%V to its invariant measure.

Fix T' > 0. We introduce some notations. Let pz(/%),[O,T] denote the solution to the D([0, T, M;(Z2))-
valued martingale problem for L% i.e., the law of the empirical measure process (u™(t),t €
[0,77]), and let pl(/,]\QT denote the law of the terminal-time empirical measure ™™ (T') € M (Z),
with a deterministic initial condition p¥(0) = v~. Let AC[0, T] denote the space of absolutely
continuous M (Z)-valued paths on [0, 7] (in particular they are differentiable for almost all

t € [0,T7; see [55, Definition 3.1]). Define

00 itu<—1
m"(u) =< 1 ifu=-1
(u+1Dlogu+1)—u ifu>—1,

which is the Fenchel-Legendre transform of 7(u) = ¥ — u — 1,u € R. Recall the definition of
the family of rate matrices (A¢, & € M (Z2)) from Section 2.1.2. We have the following large
deviation principle (LDP) for the sequence {p(iji[o,T],N > 1} on D([0,T], M1(Z)) (see [55,
Theorem 3.1], [15, Theorem 3.2]).

Theorem 2.5. Suppose that the initial conditions v — v in My(Z) as N — oo. Then the
sequence of probability measures {pg]\fv)[o ool N > 1} on the space D([0,T], M1(Z)) satisfies the
LDP with rate function S r(-|v) defined as follows. If 1(0) = v and pn € AC[0,T1], then

[0,T] aeRZ

o) = [ s { a2~ ()
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- Z T(a(zl)_a(z))Az,z’<Mt)Mt(Z)}dt,
(z,2")e€

and Sy (1) = +oo otherwise. Moreover, if Sy (p|v) < 0o, then there exists a unique family
of rate matrices L(t) = (1, (t), 2,2 € Z),t € [0,T], such that t — L(t) is measurable, p is the

solution to

and

Spour (lv) = /[OT] S w0 A (D)) (Al(—f()m—l) i,

(2,2")€€
where L(t)* denotes the transpose of L(t), t € [0,T].

We can interpret the rate function Sjo 7} as follows. Starting at vY | the process pu? is likely
to be in the neighbourhood of the solution to the McKean-Vlasov equation (2.1) with initial
condition v (with high probability). In order for the process p’¥ to be in the neighbourhood
of some other path, we need to apply a control given by the rate matrix L; Sjor(p|v) is the
cost of this control. In particular, since the solution to the McKean-Vlasov equation starting
at v has zero-cost (i.e. Sy (pw|v) = 0 where j,, denotes the solution to (2.1) starting at v),
the limiting behaviour that p™(-) i po(+) in D([0, T], M1(Z)) as N — oo follows. See [30] for
some remarks about the form of the rate function and for another representation of the rate
function in terms of a relative entropy.

Here is an outline of the proof of Theorem 2.5: one looks at a system of non-interacting
particles where the transition rates of a particle do not depend on the empirical measure, and
considers the corresponding empirical measure process over [0, T]. Since at most one particle can
o
measure corresponding to the above non-interacting system on D([0, T], M1(Z)). One can then

jump at a given point of time, the measure p is absolutely continuous with respect to the
write the Radon-Nikodym derivative using the Girsanov formula and show continuity properties
of the same. An application of an extension of Sanov’s theorem (see [26, Theorem 3.5]) tells
us that the non-interacting particle system obeys the LDP on D([0,T], M;(Z)). The above
theorem then follows by an application of Varadhan’s integral lemma (see [29, Theorem 4.3.1]).
This approach has been carried out for a system of interacting diffusions in [26] and for jump
processes in [55, 15]. One can also prove various special cases of Theorem 2.5 via other simpler

methods; for example, for fixed initial conditions, i.e., when vV = §, for some z € Z and for
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(N)
82,0,7]

(see [27]), but letting the initial condition to be arbitrary, except for the constraint vV — v

all N > 1, one can use a modification of Varadhan’s lemma to obtain the LDP for p

weakly, is crucial to obtain a uniform version of the Theorem 2.5 (see Corollary 2.1), which is
used to prove our main results.

We now recall a theorem that gives the large deviation principle for the sequence {pf/JNV?T, N >
1} on M;(Z). This can be obtained from the above theorem by an application of the con-
traction principle to the coordinate projection map D([0,T], M1(Z)) 2 pu +— wu(T) (see [29,
Theorem 4.2.1], [15, Theorem 3.3]).

Theorem 2.6. Suppose that the initial conditions v — v in My(Z) as N — oco. Then the
sequence of probability measures {p%)T, N > 1} on the space M1 (Z2) satisfies the LDP with the

rate function

St(¢lv) == inf{ Sy (plv) : p(0) = v, wW(T) = &, p € AC[0, T}

Moreover, the above infimum is attained, i.e., there exists a path i € AC[0,T] such that 1(0) =
v, (i(T') = & and Sy .r)(f1lv) = Sr(§lv).

Here, S7(&|v) can be interpreted as the minimum cost of passage from the profile v to the
profile £ in time 7', among all paths from v to € in time 7T'. It can be shown that S is continuous
on M;(2) x M1(Z) by constructing piecewise constant velocity trajectories between points on
M (2) (see [15, Lemma 3.3]).

We also have the following uniform LDP for the sequence {p%),[o,Tp N > 1} (see [15, Corol-
lary 3.1]) when the initial condition is allowed to lie in a compact set.

Corollary 2.1. For any compact set K C My(Z2), any closed set F C D([0,T], M1(Z2)), and
any open set G C D([0,T], M1(Z2)), we have

) 1 (N) N o
lim sup — lo su c 'Y< —inf inf S v), 2.2
N*)()Op gyNeKm/\IiiV(Z) Pur o (ke )< vek per O] () (22)
and
| : N) :
liminf — lo inf ( Ne@)> —supinf S V). 2.3
N—o0 gl/NGKﬁM{V(Z) pyN7[07T]<u ) o VGII? HEG [07] (Iu’ ) ( )

For a proof of the above, see [29, Corollary 5.6.15]. Note that, since the space M;(Z2) is
compact, we may take K = M;(Z) in the above corollary.
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Remark 2.1. The version of uniform LDP presented in Corollary 2.1 is slightly different from
the definition of uniform LDP in Freidlin and Wentzell [37, Section 3, Chapter 3]. The version
presented here suffices for the proofs of our main results since our state space M;(Z) is compact

and the rate function Sy defined in Theorem 2.6 is continuous (see [77, Theorem 2.7] and [15,
Appendix A]).

2.3 Large time behaviour

In the study of the large time behaviour of xV, an important role is played by the Freidlin-
Wentzell quasipotential V' : M;(Z) x My(Z) — [0, 00) defined by

V(,€) = mf{ S (ulv) : l(T) = €,T > 0},

i.e., V(v,€&) denotes the minimum cost of transport from v to £ in an arbitrary but finite time.

We say that v ~ & (v is equivalent to &) if V(v,&) = 0 and V (&, v) = 0. It is easy to see
that ~ defines an equivalence relation on M;(Z). To study the large time behaviour of the
process 1, we make the following assumptions on the McKean-Vlasov equation (2.1) (see [37,
Chapter 6, Section 2, Condition A]):

(B1) There exists a finite number of compact sets K;, Ks, ..., K such that

e Foreachi=1,2,...1, v,1n € K; implies v ~ vy.
e For cach i # j, 11 € K; and 1, € K implies vy = vy.

e Every w-limit set of the dynamical system (2.1) lies completely in one of the compact
sets K.

Since V (v, v5) = 0 whenever vy, v, € K; for any 1 < ¢ <[, we can define
V(KZ, Kj) = lnf{S[o7T]</L’V) Ve KZ,/,L(T) S Kj,T > 0},

which is interpreted as the minimum cost of going from K; to K;. We also define the minimum

cost of going from K; to K; without touching the other compact sets Ky, k # ¢, 7 by

V(K;, Kj) = inf{Sjo.n(p|v) : v € K;, u(t) & Uppij Ky, for all t € [0, T, u(T) € K;,T > 0}.
(2.4)
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Using the definition of the rate function S7, note that

V(v, &) = %r;fOST(f]y) and V(K;, K;)= inf V(1,§).

VGKi,fGKj
Ezample 2.1. We provide two example where (B1) is satisfied.

1. (Wireless local area network). Let Z = {0,1}. The edgeset £ consists of the edges (0, 1)

and (1,0). Define the transition rates

Mo (€) = { co(1 —exp{—(co€(0) + c1£(1))}) ifz2=0,2' =1,

] q if 2=1,2 =0,

where ¢g,c; > 0. The limiting dynamics (2.1) is a one-dimensional ODE and it is given

by

f1(0) = —copr (0)(1 — exp{—(cop(0) + c1(1 — (0)))}) + er(1 — e (0)), £ = 0.

Let f(z) = —cox(l —exp{—(cor + c1(1 —2))}) + 1 (1 —x), x € [0,1]. Note that f(0) >0
and f(1) < 0. It is easy to check that, if ¢y > ¢, then f'(x) < 0 for all z € (0,1). As
a consequence, there exists a unique £* € M;(Z) such that all trajectories of the above

dynamical system converge to £*(0). Thus, assumption (B1) holds with [ = 1, K; = {£*}.

2. (Dynamic alternate routing in loss networks). Fix C' € Z; and let Z = {0,1,...,C}.
The edgeset € consists of the forward edges {(z,2+1),0 < z < C — 1} and the backward
edges {(z,2 —1),1 <z < C}. For (z,2') € £ and £ € M(Z), define the transition rates

Mo (€) = z if 2£0,2/=2-1,
ST A al(C) x 21— £(C)) iz AC 2 =241,

where o > 0. This model arises in the context of dynamic alternate routing in loss
networks. For certain values of a, the limiting ODE (2.1) possesses two stable equilibria
(say & and &) and an unstable equilibrium (say &5) [40, 66]. Thus, assumption (B1) is
satisfied with | =3, K; = {{'}, i =1,2,3.

For a model of malware propagation where a limit cycle and an unstable equilibrium arise,

see Benaim and Le Boudec [6, Section 4.1].
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2.3.1 Preliminary results

It turns out that, under assumption (B1), the large time behaviour of the process u" can be
studied via a discrete time Markov chain whose state space is the union of small neighbourhoods
of the compact sets K;,;,1 < ¢ < [. To study this chain, we introduce some notation. Let
L ={1,2,...,1}. Given 0 < p; < po, let v (resp. I';) denote the pj-open neighbourhood
(resp. po-open neighbourhood) of K;. Let v = Ul_;y;, I' = Ul_,T;, and C = M, (Z)\ T. For
aset A C My(Z) and § > 0, let [A]s denote the J-open neighbourhood of A, and for a subset
W C L, abusing notation, let [W]s; denote the d-open neighbourhood of U;ey K;. For each
n > 1, we define the sequence of stopping times: 79 = 0, o, = inf{t > 7,1 : p¥(t) € C},
7, = inf{t > o, : pN(t) € v}, and define ZY = pu™(7,). Since pV is strong Markov, ZV
is a discrete time Markov chain, and Z) € y N MP(Z) for all n > 1. For a measurable set
A € My(Z2), we define the stopping time 74 = inf{t > 0 : u™(t) ¢ A}, which denotes the
time of first exit from the set A. Finally, for a subset W C L, we define the stopping time
fw = inf{t > 0: @V (t) € Uiews}, and 7y == inf{t > 0 : p™(¢) € Ujep\wi}, which denote the
time of entry into the p;-neighbourhood of W and the time of entry into the p;-neighbourhood
of L'\ W, respectively.

We now state some results on the behaviour of the exit time from certain sets, which will
be used in this chapter subsequently. These results are known in the case of both Markov jump
processes as well as diffusion processes; see [15, Appendix], and [37, Chapter 6, Section 2]. The
main ingredients that are used in proving these results are (i) the strong Markov property of
the pv process, (ii) Theorem 2.5 and Corollary 2.1 on the LDP for finite time durations, and
(iii) the joint continuity of the terminal time rate function Sy (+|-) (see [15, Lemma 3.3]). Recall
that P, denotes the law of (™ (¢),t > 0) with initial condition pV(0) = v and E, denotes the

corresponding expectation.

Lemma 2.1 ([15, Lemma A.3]). Let K C M;(Z) be a compact set such that all points in K
are equivalent to each other (i.e., vy ~ vy for all v1,vy € K), and K # My(Z). Then, given
e >0, there exist § > 0 and Ny > 1 such that for all N > Ny and v € [K]s N MY (Z2),

E, k), < exp{Ne}.

Lemma 2.2 ([15, Lemma A.4]). Let K C M;(2) be a compact set and G be a neighbourhood
of K. Then, given € > 0, there exist § > 0 and Ny > 1 such that for all v € [K]s N MY (2)
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and N > Ny

TG
El, (/0 1{MN(t)€[K]6}dt) > eXp{—Na}.

Lemma 2.3 ([15, Lemma A.5)). Let K C My(Z) be a compact set that does not contain any
w-limit set of (2.1) entirely. Then, there exist positive constants ¢, Ty, and No > 1 such that
for all T > Ty, N > Ny, and v € KN MY (Z), we have

Po(7i > T) < exp{—Ne(T — Ty)}.

Corollary 2.2. Under the conditions of Lemma 2.3, there exist C > 0 and Ny > 1 such that
forallv € KN MY (Z) and N > Ny,

EVTK S C.

Recall the definition of the discrete time Markov chain Z on yN MY (Z). The next lemma
gives upper and lower bounds on the one-step transition probabilities of the chain ZV. These
estimates play an important role in the study of the large time behaviour of the process pv, as

we shall see in the sequel.

Lemma 2.4 ([15, Lemma A.6]). Given e > 0, there exist py > 0 and Ny > 1 such that, for any
pa < po, there exists py < py such that for any v € [K;],, N MY(Z) and N > Ny, the one-step

transition probability of the chain ZN satisfies
exp{~N(V(Ki, K;) +2)} < P(v,7;) < exp{ = N(V (K, ;) — <)}, 2.5)

Remark 2.2. In the above statement, P(v,v;) is defined as P(v,v;) = P,(Z) € ;) =
Py (™ (71) € 7).

The key ingredient in the proof of the above lemma is Corollary 2.1 on the uniform large
deviation principle on bounded sets. For the lower bound, one constructs a specific trajectory
from v to K; and examines its cost. For the upper bound, one uses the strong Markov property

at the hitting time of [L],, and the uniform large deviation principle. For details, the reader is
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referred to the proof of [15, Lemma A.6| for the case of Markov jump processes, and the proof

of [37, Lemma 2.1, page 152] for the case of small noise diffusions.

2.3.2 Behaviour near attractors indexed by subsets of L

We now recall some results on the behaviour of the process " near a small neighbourhood of
attractors indexed by a given subset of L. Let W C L, W # (). A W-graph is a directed graph
on L such that (i) each element of L \ W has exactly one outgoing arrow and (ii) there are no
closed cycles in the graph. We denote the set of W-graphs by G(W). For each i € L, we denote
G({i}) by G(i). For a W-graph g, define

Vi)=Y V(K. K,). (2.6)

(m—n)eg

If g does not have any edge (e.g., when L is a singleton), we use the convention V(g) = 0. Note
that, using the estimate (2.5), V can be used to estimate the probability that the process u'
traverses through a sequence of neighbourhoods in the order specified by the graph g¢.

For i € L\ W and j € W, let G;;(W) denote the set of W-graphs in which there is a

sequence of arrows leading from ¢ to j. Define
L, (W) :=min{V(g) : g € G;j(W)} —min{V(g) : g € G(W)}.

We recall the following result on the probability that the first entry of 4V into a neighbourhood

of a set W C L takes place via a given compact set K, starting from a neighbourhood of K;.

Lemma 2.5. Let W C L, and leti € L\ W and j € W. Given ¢ > 0, there exist p > 0 and
Ny > 1 such that for any py < p, v € v, N MN(Z), and N > Ny, we have

exp{—N(L;;(W) +e)} < P,(u" (7w) € 7;) < exp{—N(L;(W) —e)}.

Proof. The proof of [37, Lemma 3.3, page 159] holds verbatim, by making use of the estimates

in Lemma 2.4. O

Remark 2.3. While the above lemma provides an estimate of the probability B, (1" (7w) € 75),
it does not provide any information about the sequence of states in L visited by the process u™¥
while traversing from ¢ to j. The latter can be understood via studying the minimisations in
the definition of I; ;, see [38].
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Our next step is to understand the mean entry time E, 7y . For this, we need the following
estimate on the stopping time 7; see [44, Lemma 1.3, Part I] for a similar estimate for small

noise diffusion processes.

Lemma 2.6. Given ¢ > 0, there exist p; > 0 and Ny > 1 such that, for any v € v N MY (Z)
and N > Ny, we have

E, 1 <exp{Ne}.

Proof. With a sufficiently small p; > 0 to be chosen later, let py = 2p; so that [K;],, does not
intersect with [Kj],, for all j # i. Note that, for any v € ~,

E,mn = E,o1+ E,(11 —01).

Consider the first term. By Lemma 2.1, there exist p > 0 and Ny > 1 such that for all p; < p,
veyNMY(Z) and N > Ny, we have

E, o1 < exp{Ne/2}.
Let FF'= M;(Z2)\ 7. By the strong Markov property, the second term is
EI/(T]. - Ul) = EMN(Ul)(TF)'

Therefore, it suffices to estimate F, 7 for v/ € F. Since the compact set F' does not contain
any w-limit set, by Corollary 2.2, there exist a constant C' > 0 and N; > N, such that for any
Ve FNMY(Z2)

E,/TF S C

This completes the proof of the lemma. ]

Define

L(W) ==min{V(g) : g € G(W)}
—min{V(g) : g € GW U{i}) or g € Gi;(WU{j}),i #j,j € L\W}
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The next lemma is about the mean entry time into a neighbourhood of a given set W C L
starting from a neighbourhood of Kj;; see [44, Lemma 1.6, Part I] for a similar estimate on small

noise diffusion processes.

Lemma 2.7. Let W C L, and let i € L\ W. Given € > 0, there exist p > 0 and Ny > 1 such
that for any pr < p, v € v, N MY (Z), and N > Ny, we have

exp{N(L(W) —¢e)} < E,7w < exp{N(L;(W) +¢)}.

Proof. We first prove the upper bound. Note that, by the strong Markov property, we have

E,w=FEm < Z E, <l{v:m} X m sup E,,/ﬁ) ,

m=1 v'ey

where v is the hitting time of the chain Z¥ on the set W. Using Lemma 2.6 and the upper
bound on E,v derived in [37, Lemma 3.4, page 162], for sufficiently small p; and sufficiently
large N, we have that

E, 7w < exp{N(L;(W)+¢e)}

holds for all v € v, N MY (Z). For the lower bound, Lemma 2.2 implies that, for all sufficiently
small p; and sufficiently large N, we have that

E,m > exp{—N¢e}

holds for all v € . Also,

EI/A =FE,7 > E, |1 v=m inf E, ’
Tw T_THZ:l <{ ],><mV1;%7 7'1)
hence, using the lower bound on E,v derived in [37, Lemma 3.4, page 162], we get

E, 7w > exp{N(L;(W) —¢)}

for all v € v, N MY (Z) and sufficiency large N. O
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2.3.3 Cycles

We now define the notion of cycles, which helps us to describe the most probable way in which
the process p”v, for large N, traverses neighbourhoods of various compact sets K;, and the
time required to go from one to another. Recall the definition of V from (2.4). We interpret
V(K;, K;) as the “communication cost” from i to j. Define V(K;) == min;; V (K, K;). We say
that i — j if V(K;) = V(K;, K;). For j # i, the probability that x* hits a small neighbourhood
of K upon exit from a small neighbourhood of Kj is of the form exp{—N(V(K;, K;) =V (K;))},
and the mean exit time from a small neighbourhood of K is of the form exp{ NV (K;)} [37,
Chapter 6, Section 5]. In particular, the indices that attain the minimum above are the most
likely sets that will be visited by the process 'V, for large enough N, starting from a neighbour-
hood of K;. For i,j € L, we say that ¢+ = j if there exists a sequence of arrows leading from
1 to 7, i.e., there exists iq,142,...,1, in L such that ¢ — iy — i5 — -+ — 4, — 7. Again, the
above sequence of arrows from ¢ to j is one among the locally most likely sequences in which

the process traverses from a neighbourhood of K; to that of K; for large N.
Definition 2.1. A 1-cycle 7 is a directed graph on a subset of elements of L satisfying
1. 2 € 7w and © = j implies j € 7.
2. For any ¢ # j in m, we have i = j and j = 1.

That is, a 1-cycle is a subset of the elements of L along with a certain assignment of arrows
among them according to the numbers V(-,-). For example, if L = {1,2,3}, 1 — 2, 2 — 1,
and 3 — 1 are the only possible arrows (i.e., f/(Kl) = V(Kl,Kg) < V(Kl,Kg,), f/(Kg) =
V(Ky, Ky) < V(Ky, K3), and V(K3) = V(Ks, K1) < V(Ks, K>)), then the graph on {1,2}
consisting of the arrows 1 — 2 and 2 — 1 is a 1-cycle. The set {3} is not part of a 1-cycle. It
can be shown that there exists a 1-cycle (see the proof of [44, Lemma 1.9, Part ).

We now define cycle of 1-cycles. Let Ly = L. Define

Ly ={r:misacyclein L} U{i € L:iis not in any cycle}.

That is, the elements of L, are either 1-cycles in L or elements of L that do not belong to
any l-cycle. In the previous example, L, is the set {{1,2}} U {{3}}. Ultimately, we view the
elements of L; as subsets of L. If 7 € L;, we write K € 7 to indicate that the index of the

compact set K in {1,2,...,[} is an element of 7. We now proceed to define the “communicating
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cost” between the elements of Ly. For 7y, my € Ly, m # 79, define

~

V(m) =max{V(K): K € m},

V(ﬂ'l,ﬂ'g) = V(Tfl) + min{V(Kl,Kg) — V(Kl) . K1 c 7Tl,K2 S 7T2},
and
‘7(7?1) = min{V(Wl,Wg) o € Ly, Ty # 1}

That is, ‘7(77'1,71‘2) is the communication cost from 7 to 7y, and it generalises the quantity
V(K;, K;) to 1-cycles. Similarly, V() generalises the quantity V(K;) to 1-cycles. If 7,7y
are l-cycles, m; # my, then upon exit from a small neighbourhood of the elements of m;, the
probability that the process u enters a small neighbourhoods of the elements of 7, is of the
form exp{—N (V (my,m5) — V(m1))}, and the mean exit time from a small neighbourhood of the
elements of 7 is of the form exp{ NV (m;)}. We say that m — 7y if V() = V (71, 73), and we
say that m; = my if there is a sequence of arrows leading from 7; to m. This gives a cycle of
1-cycles, which we call 2-cycles.

Let us now define the hierarchy of cycles. Having defined (m — 1)-cycles and the sets

Lo, Ly, ..., L, s, we define m-cycles as follows. Note that
Ly = {7 7™ isan (m — 1)-cycle} U{n™ 2 € L,,_» : ¥ % is not in any (m — 1)-cycle}.

That is, the elements of L, are either (m — 1)-cycles or elements of L,,_» that are not part of
any (m—1)-cycle; in both cases, they are ultimately viewed as subsets of L. Given 7™~ ! € L,,
and an (m — 2)-cycle 772, we write 72 € 7™ ! if the elements of 7 2 (when it is viewed

as a subset of L) are part of 7™~ For 7™~ ! € L,,_;, define

N

V(™) = max{V (7™ %) : a2 € 71},

Virr = mg ™) = VEr ™) + minV (= my %) = Vay =) a2 e np L my e mp ),

V(ar) = min{ V(@ mp ) cap € Loy, np b £ 7
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We say that 77" — 72~V if V(7Y = V(z" L, 7~1). We have

Definition 2.2. An m-cycle 7™ is a directed graph on a subset of elements of L,,_; satisfying

m—1

1. For m* L7t € Ly, 71 € 7™ and 7" ! = 77" implies 75! € 7™,

2. For any 7" ' 7™t € 7™, we have 77" ' = 7"t and 7't = a7t

If we continue this way, for some m > 1, the set L,, will eventually be a singleton, at which
point we stop. See [86] for a numerical example that consists of three 1-cycles and a 2-cycle
when L has 9 elements.

We now state some results on the mean exit time from a cycle and the most probable cycle
the process p!V visits upon exit from a given cycle. For convenience, the set of elements of
L constituting a k-cycle 7% (through the hierarchy of cycles) is also denoted by 7*. Also, for
W C L, we define vy = Ujew ;-

Corollary 2.3. Let 7% be a k-cycle and K; € 7*. Let W = L\ 7*. Given ¢ > 0, there exist
p >0 and Ny > 1 such that for all py < p, v € v, N MY (Z), and N > Ny, we have

exp{N(V(Wk) —e)} < E,iw < eXp{N(‘N/(ﬂ'k) +e)}.

Corollary 2.4. Let wi, 75 be k-cycles, 7 # 7%, and K; € 7. Let W = L\ n¥. Given ¢ > 0,
there exist p > 0 and Ny > 1 such that for all py < p, v € 1, N J\/l]lv( ), and N > Ny, we have

exp{~N(V(ay,15) — V(m}) +€)} < Po(” (Fw) € 7a)
< exp{—=N(V(x},m5) — V(1) — )}

Remark 2.4. Note that Corollary 2.3 follows from Lemma 2.7 and the fact that I;(W) =
V(7*) (which is shown in [44, Corollary A.4, Appendix]). Corollary 2.4 is a consequence of
Lemma 2.5 along with the fact that min{Z; ;(W) : i € #*} = V(x* #*) — V(7*) (see [44,
Corollary A.6, Appendix]). Similar estimates as in Corollaries 2.3 and 2.4 in the case of small
noise diffusion processes have been shown in [44, Corollary 1.10, Part I] and [44, Corollary 1.11,

Part I], respectively.

We also need the following lemmas that provide estimates on the probabilities of exit within

certain times from given cycles.

33



Lemma 2.8. Let 7§, 75 be k-cycles and let 7% — n§. Then, given ¢ > 0, there exist § > 0,

p >0 and Ny > 1 such that for all p; < p, v € Yo MN(Z), and N > Ny, we have

P, (7o < exp{N(V () = )}, 1" (7g) € 7oy ) > exp{—Ne}.

Lemma 2.9. Let 7 be a k-cycle. Then, given e > 0, there exists p > 0 such that for all p, < p,

we have

lim sup P, <exp{N(‘7(7rk) — &)} < T < exp{N(V(z*) + 8)}) =1

N—roo vey kNMY(2)
Furthermore, given € > 0, there exist 6 > 0, p > 0, and Ny > 1 such that for all p; < p,
v E Y NMN(Z), and N > Ny, we have

P, (ﬁrk < exp{N(V(z*) — 5)}) < exp{—Ne¢}, and

P, <7"7rk > exp{N(f/(ﬂk) + 5)}) < exp{—Ne}.

Remark 2.5. Lemma 2.9 can be proved as follows. From Corollary 2.3, we have that the mean
exit time from a small neighbourhood of the elements of 7% is of the form exp{NV (z})}.
From Corollary 2.4, we have that, upon exit from a small neighbourhood of the elements
of 7% the process u" enters a small neighbourhood of the elements of 74 is of the form
exp{—N(V(xk k) — V(7¥)}. Using these facts, we can proceed via the proof of [37, Chap-
ter 6, Theorem 4.2] to transfer the estimate on the mean of T+ to the estimates on the proba-
bility for 7.« to lie between exp{ N(V () — )} and exp{N(V (7¥) +6)}. To prove Lemma 2.8,
in addition to the above facts, we note that with high probability, the process " enters a small
neighbourhood of the elements of 7§ upon exit from a small neighbourhood of the elements
of ¥ when n¥ — 5. Similar estimates as in Lemmas 2.8 and 2.9 in the case of small noise
diffusion processes have been shown in [44, Lemma 2.1, Part I| and [44, Lemma 2.2, Part I},

respectively.

Lemma 2.10. Let 7% be a k-cycle and assume that V(7*) > 0. Given ¢ > 0, there exist § > 0,
p >0, and Ny > 1 such that for all py < p, v € M{V(Z), and N > Ny, we have

Py Tk < exp{N(V(7¥) + 6}) < exp{—N(V(z*) = V(z*) — )}.

Proof. We proceed via the steps in the proof of [44, Lemma 2.1, Part III]. Let 7*~! € 7* be a
(k—1)-cycle such that V(z*~1) = V(x*). With p; > 0 to be chosen later, for each n > 1, define
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the minimum of 7, and successive entry and exit times from a p;-neighbourhood of 7%~! as

follows:

0o == inf{t > 0: pN(t) € [7" Y, } A T,
0, = inf{t > 0,1 : u™N(t) € [L\ T b A Tk,
Opir = nf{t > 0, : (N (t) € [7571, } A T

With 6 > 0 to be chosen later, using the strong Markov property, for any v € [7*],, " MY (Z),

we have

s
:‘\h
kol
AN
@]
]
o}
—~
=
<>
)
N
+
=
Ny

+ P, (éo <7 | {ﬁrk — O, 7k < exp{N(V(x*) + 6)}, 7 > én}) . (2.7)

n>1

We now upper bound each of the terms in 2.7. Consider the first term. It can be shown using
Corollary 2.4 and [44, Corollary A.6, Appendix] that, there exist p; > 0 and § > 0 such that

for any v € [r*],, and sufficiently large N, we have
Py(0p = 7o) < exp{=N(V(x") = V(") = £)}.

Consider the second term in 2.7. For any v; € [7*7!],, N MY (Z), the probability of the

unionised event can be upper bounded by

+ P, (0r < exp{N(V (") +0)} and 0y, < 7.
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< Py (Oar = o) + Py (Oar < exp{N(V(*) +8)} and 0y < 7).
Again, the first term above can be bounded by
Py (s < ) < exp{—N(V(x*) - V(") - o)},

for all v, € [7F71],, N MY (Z) and sufficiently large N. The second term can be bounded by
exp{—N M} for large enough M, by the same argument used in the proof of [44, Lemma 1.7, Part I].
Choosing M sufficiently large, the above implies that the second term in (2.7) is bounded by
exp{—N(V(7*) — V(7%) — €)}. A similar argument gives the same bound for the third term
in (2.7). O

2.3.4 LDP for the invariant measure

Using the estimates (2.5) on the transition probabilities of the discrete time Markov chain Z,
we can study the large deviations of the process ' in the stationary regime. Recall that o
denotes the unique invariant probability measure of the process u. Also recall that G(i) is the
set of all directed graphs g on L such that (a) every node other than i has exactly one outgoing

arrow and (b) there are no closed cycles in g. We state the following result:

Theorem 2.7 ([15, Theorem 2.2]). Assume (A1), (A2), and (B1). Then, the sequence of
invariant measures {p~, N > 1} satisfies the large deviation principle on My(Z) with rate

function s given by

s(6) = min {W () + V(K;, §)} — min W(j), (2.8)
where
W (i) = mi 1% :
(2) nin, (m, n)
(m,n)€g

The form of the rate function s in Theorem 2.7 is also related to the form of the invariant
measure in the context of Markov chains on finite state spaces whose transition kernels are
of the form (2.5); see, for example, [28, Section 1.1]. Also, see [13] for an analogous result in
a boundary driven symmetric simple exclusion process, which involves the study of the LDP

for the invariant measure in an infinite-dimensional setting. However, our focus is on sharp
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estimates on the rate of convergence to the invariant measure which is the subject of the next

section.

2.3.5 Convergence to the invariant measure

In this section, we prove our first main result on the time required for the convergence of u’¥
to its invariant measure.

Let ip € L be such that min{V(g) : g € G(ig)} = min{V(g) : ¢ € G(i),i € L}. We
anticipate that K;, is one of the most stable w-limit sets (among possibly others) for the
dynamics (2.1). This is because Theorem 2.7 tells us that the rate function that governs the
LDP for {", N > 1} vanishes on K;,. Hence, for a large but fixed N, over large time intervals,
one expects that there is positive probability (in the exponential scale) for the process u¥ to
be in a small neighbourhood of K.

Define

min{V(g) : g~ e G({i}),i € L}
A= —min{V(g): g € G({i,j}),i,j € L,i # 5}, if |[L] >2, (2.9)
0, if |L| = 1.

Since we are interested in the case when (2.1) has multiple w-limit sets, we assume throughout
that A > 0. The motivation to define this constant A is the following. Since the process p
spends most of the time near one of the compact sets K;, we expect that it mixes well when the
discrete time Markov chain ZV, with transition probabilities of the form exp{—NV (K;, K;)}
given in (2.5), mixes well. The mixing time of ZV is determined by the real part of (1 — AY),
where 5\97 is the second largest (in absolute value) eigenvalue of an [ x [ transition probability
matrix whose (i,7)th entry is given by exp{—NV(Kj;, K;)}; it turns out that this scales as
exp{—NA} [37, Chapter 6, Theorem 7.3]. Thus, we expect that, when time is of the order
exp{ NA}, the process p’¥ mixes well.

Let Pr(v,-) = P,(u™(T) € -) denote the transition probability kernel associated with the
process V. Note that we suppress the dependence on N for ease of readability. We first show
a lower bound for the transition probability Pr(v, K;,) of reaching a small neighbourhood of
K;, when T is of the order exp{ N (A — dy)} for some dy > 0.

Theorem 2.8. Given € > 0, there exist o9 > 0, p > 0, and Ny > 1 such that for all p1 < p,
ve MN(Z), and N > Ny, we have

PT()(Vu fyio) > exp{—N&?}, (21())
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where Ty = exp{ N (A — &y)}. Furthermore, there exist vy € M1(Z) and B > 0 such that for all
v E [VO],m ﬂMjl\f(Z) and N > No,

Pro(v.7,) < exp{—NB}. (2.11)

Proof. We follow the steps in Hwang and Sheu [44, Part I, Theorem 2.3]. With p > 0 to be
chosen later, we first show that (2.10) holds for all v € y N MY (Z). Towards this, let m be
the smallest integer such that L, is a singleton. For 0 < k < m, let 7} € L;, be the k-cycle
containing 49. Let Vj, = max{V (7*) : 7%  af*! ¥ £ 7k}, Using [44, Lemma A.10, Appendix],
we have A = max{Vj : 0 < k < m}.

Fix j € L and consider v € [Kj],. Let n{* € L,, be such that K; € 7{*. If " # 7", then we
have 7" = 7", that is, there exists 73*, 75", ..., 7" = 7', n < [ such that 7" = 75" — 75" —
- = = 7(". Therefore, with J to be chosen later, by the strong Markov property, we have

Py (Tap < nexp{N (Vi — 6)})
> By(Lizp <oxptN(Vin—0)}} * LV (7gn)emp
X BN () (L <exp{N (Vim=0)}} * LN () e}

X B e Mz <op(NOm-0))) - L (7o empy)
Since V(7[") <V, for all 1 < i < n, the above becomes
Py(Trp < nexp{N(Vy, —9)})
2 By (Lis, p<expv(@(rp) -6}~ L (rp)emy')
X E:U'N(‘Fﬂ’l’”)(1{7_'7r£nSeXp{N(‘~/(7r'2m)—5)}} ' 1{/»LN(77'7\-’127L)€TI'§71

X B (L <oxpN@ -0 LN G emg)

)

By Lemma 2.8, there exist p > 0, § > 0 and Ny > 1 such that each of the above probabilities
is at least exp{—Ne/l} for sufficiently large N, i.e. we have

P (Trm < nexp{N(V,, —9))}) > exp{—Nne/l} > exp{—Ne},
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On the other hand, if K is such that K; € 7", the above holds trivially. Therefore, there exist
61 > 0 and N; > 1 such that for all v € yN M{(Z) and N > N, we have

P (7rp < exp{N(V,, — 01)}) > exp{—Ne}.

We now use the above bound to show (2.10). Let T'= exp{N(A — 1)}, 1), = exp{N(V,, — 1)}
and Ty, 1 = exp{N(V,,_1 — 61)}. Then, for any v € y N MY (Z) and N > Ny, we have

P, (u™(T) € 7) 2

E
= By (L emn) » B o) (Liuv (02 €3i1))

inf  Pu(u(t) € 1) Polig < T

Vg, MY (2)
T—Tm <t<T

> inf P, (uN (t) € 7;,) exp{—Ne}, (2.12)
Ve[l on MY (2)
T—Tn<t<T

(Lt - LV (1t )i })

v

where the second equality follows from the strong Markov property. To get a lower bound for
the above infimum, fix v € [77'], N MY (Z) and T — T, < t < T. Define the stopping time
0 = inf{s >t —T,—1 : p™(s) € [77"],}. Then, for a large T* (not depending on N) to be

chosen later, we have

P (t) € i)
2 By (Lozt-ti47 7 >mh - B 0) (L (¥ -0}
>P0<t—Tna+T" Tpp >T) inf P (1™ (t) € i) (2.13)

e )
Note that
PO <t =Ty s+ T Fap >T) = Py(Tap > T) = Py( > t = Ty y +T%, g > T).
By Lemma 2.9, since A < V(77), we have
Py (Tam > T) > P,(Trr n > exp{N(V(m") —0)}) — 1

as N — oo. For the second term, note that

PV(Q >t—"T,_1 +T*,77'7r(1)ﬂ > T)
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P, (uN(s) & [mg], forall t = Ty < s <t — Ty + 1%, Tam > T)
P,(uN(s) ¢y forallt — T, 1 <s<t—Th + 17, T > T)
P,(uN(s) ¢y forallt — Ty <s<t—Tn_y+T).

IA

The second equality follows since u(s) ¢ [7('], and T > T implies that we have exited [r'],
and we have not yet entered a neighbourhood of any other attractor, which is the same as

saying p(t) ¢ v and Txm > T. By the Markov property, the above probability equals

E, (EuN(t—Tm,l)(]-{/,LN(s)géw for all sE[t—Tm,l,t—Tm,l—i-T*]})) < Suf]; B, (TF > T*),
v'e
where F' = M (Z) \ v. By Lemma 2.3, T* can be chosen large enough (not depending on N)
that the above probability is at most 1/2. Therefore, (2.13) becomes

1
inf P,(uN(t) € yip) > = inf P (u™N(t) € viy),
Vel ,nMY (2) T2 vempl,nmY(2) ’
TﬁTmStST Tm—l_T*StSTm—l

and (2.12) becomes

1 :
P,(™(T) € 7i) = 5 exp{—Ne} inf By (t) € %),
2 v e[rg],nMY (2)
Tmfl_T*StSTmfl
for sufficiently large N and v € vy N MY (Z). Repeating the above argument m times, we see
that there exists Ny > 1 such that for all v € v and N > N,, we have

" _
PO € 2 () eloNme) ot R0 € )
V' erd,nMY (2)
To—T*<t<Tjy

1 m
> <—> exp{—N(m + 1)e} inf P, (1™ (t) € vi,)
2 V' E[Ko] MMy (2)
To—T*<t<Tjy

> (;)’” exp{—N(m + 1)e},

where Ty = exp{N(Vp — md)}. Thus, we conclude that there is N3 > 1, 3 > 0 and p > 0 such
that for all v € yN MY (Z) and N > N3, we have

P, (™ (T) € i) > exp{—N(m + 3)e},
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where T' = exp{ N (A—4d3)}. This establishes (2.10) for all v € yNMIN(Z). For any v € MY (2)\
7, from Lemma 2.3, there exists 7" large enough and Ny > N3 such that P, (7o, (z)\y < 17) > %
for all N > N,. Therefore, we have

P,(p™(T) € i) > Ey(Lry iz =1t B ) (L (r-11)0))
1

> —inf P, (™M (T —1T') € )

2 v/ ey

> - exp{—N(m + 3)e}.

Thus, we have established (2.10) for any v € MY (Z).
We now turn to (2.11). Since A = max{Vj,0 < k < m}, there exists a k such that V, = A.

From the definition of V}, we see that there exists 7¢ € L; such that

V(r") = A, 7% C af ™ and ©F # 7k

where m¢ ™ is the (k + 1)-cycle that contain K;,. Therefore, Lemma 2.9 implies that, for some
B > 0, for some 0, < d3 and an appropriately chosen p > 0, with T" = exp{N(A — d3)} =
exp{ N (V(7*¥) — 65)}, we have

P,(u™(T) € 7iy) < Py(Tar < T) < exp{—Np},

for any v € [7*],N MY (Z) and sufficiently large N. This completes the proof of the theorem. [

The above theorem immediately gives a lower bound on Pr(v, ) for any £ in a small neigh-
bourhood of K;

precise.

o, over time durations of order exp{ /N (A — )} for some § > 0. Let us make this

Corollary 2.5. Under the conditions of Theorem 2.8, for allv € MY (Z), € € ~;, N MY (Z)
and N sufficiently large, we have

Pry(v,§) = exp{—2Ne}.

Proof. Given € > 0, let p, Ny and T be as in the statement of Theorem 2.8. Choose t large
enough (not depending on N) and p' < p such that for all p; < p' we have S;(v1|vn) < e/2 for
all 1,9 € ;,. This is possible by the joint continuity of the rate function S;(+|-) and the fact
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that V(v1,v2) = 0 whenever vy, 15 € K;,. Therefore, using the large deviation lower bound,
there exists Ny > N; such that

Py(v1,15) > exp{—N(Si(1a|11) +¢/2)} > exp{—Ne},

for all vy, vy € v, N MY (Z) and N > N,. Therefore, by Theorem 2.8, for v € MY (Z),¢ €
Yig VMY (Z) and N > Ny, we have

Pr,(v, &) = Z Pry(v1,v2) Pi(ve; §)

V2€%4g OM{V (Z)

2 PTo—t<V17’Yio) inf IDt(VQag)
v2€7i, MY (Z)

> exp{—2Ne}.

2.3.5.1 Proofs of Theorem 2.1 and Theorem 2.2

We now prove our first main result (Theorem 2.1) on the convergence of " to the invariant
measure and its converse Theorem 2.2. Theorem 2.1 together with Theorem 2.2 shows that the
constant A is sharp (in the exponential scale) for the time required for u” to equilibrate.
Define Ly = {i € L : 5(K;) = 0}, i.e, Ly denotes the set of minimisers of the rate function
s (see (2.8)). Let B(M;(Z2)) denotes the space of bounded Borel-measurable functions on
M (2).

Proof of Theorem 2.1. We follow the steps in Hwang and Sheu [44, Part I, Theorem 2.5]. Let
e > 0, and let Tj, dg, p, p1, and Ny > 1 be as in the statement of Theorem 2.8. Note that, for
any v € MY(2), € ¢ [Ly],, and for some fixed ¢ > 0,

Pr(v,&) = Y Ppa(w.V)P(V.€)

v E[Klo]
> exp{—2Ne¢} /H[llg ]Pt( 3|
> exp{—2Ne}exp{—N sup S, (&)}

I/’G[Kio}

where the first inequality follows from Corollary 2.5 and the second from the uniform LDP
(Corollary 2.1). Hence, we can find a function U : M;(Z) — [0, 00) such that U(§) = 0 for
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5 - [fjo]pl and
Pr(1,€) > ex exp{~NU()) (2.14)

holds for all v € MY (Z), € ¢ [Lo),, and sufficiently large N; here cy is such that

mn(§) = en exp{—=NU (&)}

is a probability measure on MY (Z). Define Qg (v,*) = Pp(v,-)/nn(:). Note that ey — 0

exponentially fast as N — oo. Indeed, since U(€) = 0 for all £ € [Lg|,,, each of these points

P11
yield 7y (€) = ey. Since the number of points in [Lo],, N MY (Z) is exponential in N and since
N is a probability measure, we see that cy must decay exponentially fast in N. We have, for

any vy, vy € MY (Z) and sufficiently large N,

B, (f(u™(Ty))) = B (f (1" (Tp)))
= Z PTO(Vlvé)f(é) - Z PTO(U%f)f(E)

cemi (2) ceM¥(2)
Z QTO v1,§ Z Qr, (12, 8) f(E) TN (E)
tembiV(z cemiN(2)
= > (QTO(ul,g)—eXp{—zNg}) (€)mn(€)
cemy(2)
= Y (Qn(v2,€) — exp{=2Ne}) f(E)mn(€)
ceml(2)

<(1- eXp{—2N8})(SL£1p f(€) — irglff(é‘)),

where the last inequality follows from (2.14) and the fact that Q7 (-, ) > 1. Therefore, we have
that

sup |y, (f (1" (Th))) = B (f(1™(T5)))] < (1 — exp{=2Ne})| f|-

v1,V2

Continuing this procedure k times, and by using the Markov property, we get

sup | By, (f (1 (k10))) = B, (f (1™ (KT0))| < (1 — exp{=2Ne})"| fl .

vi,V2
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and hence, we have
sup B, (f (1™ (KTo))) — (f.0™)| < (1 — exp{—2Ne})*|| f]|oo-
Choose k = exp{N(dp + ¢)}, then we have kT = exp{N(A + 0)} and the above becomes
sup B, (f (1" (KTo))) = (f.9")] < exp{— exp(N(=2¢ + & +0))}.

We can choose ¢ small enough such that the quantity —2¢ + ¢ > 0, and hence for some &’ > 0,

we have

sup | B, (£(u¥ (1)) = (f,0™)| < exp{—exp(Ne )}

for sufficiently large N, where T' = exp{N(A + 9)}. This establishes the result. O

Proof of Theorem 2.2. This is a direct consequence of (2.11) established in Theorem 2.8. [

2.4 Asymptotics of the second largest eigenvalue for re-

versible processes

In this section, our goal is to understand the convergence rate of i to its invariant measure
for a fixed N. For this purpose, we shall assume that the Markov process p'V is reversible.
That is, the operator LY is self-adjoint in L?(p") and it admits a spectral expansion; let 0 =
AY > =AY > -\ ... denote its eigenvalues in the decreasing order, and let uf = 1,u uf, ...
denote their corresponding eigenfunctions. Without loss of generality, we assume that the

eigvenfunctions are orthonormal, i.e., (u;",u;¥) = 1 for each i and (u;",u}’) = 0 for each i # j,

RNt}
N)'

where (-,-) denotes the inner product in L2(p The spectral expansion [5, Section 1.7.2]

enables us to write, for any f € B(M;(2)),

B, f(i™(6) = (£, 0V) + D> e ™ (fu)up (v), (2.15)

k>2

Therefore, the convergence rate of E,f(uN(t)) to its stationary value (f, ") is determined
by the leading term in the above sum, which is the second largest eigenvalue \Y. Hence, to
understand convergence of p¥ to its invariant measure, we study the asymptotics of the second

largest eigenvalue \Y'.
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We first need the following lemma that estimates the probability that the process p? is
outside a small neighbourhood of the set Ul_, K.

Lemma 2.11. Fiz p; > 0 and let B be the py-neighbourhood of U;cp K;. Given € > 0, there
exist 0 > 0 and Ny > 1 such that for each v € M{V(Z) and N > Ny, we have

P, (u(T) € My'(2)\ B) < exp{—Nd},

where T' = exp{N(A +¢)}.

This result can be proved using Theorem 2.1 which deals with the convergence to the in-
variant measure and Theorem 2.7 which addresses large deviations of the invariant measure
{p", N > 1}. Indeed, from Theorem 2.7, since the function s in (2.8) is strictly positive out-
side U._, K, the probability of the complement of a small neighbourhood of U!_, K; under oV
decays exponentially in N. But when T is of the order exp{ N(A +¢)}, from Theorem 2.1, the
law of the random variable p¥(T') is not far from V. Therefore, the probability that u™(T)
lies outside a small neighbourhood of U!_; K; decays exponentially in N.

We are now ready to prove our next main result (Theorem 2.3) on the asymptotics of the

second largest eigenvalue \Y.

Proof of Theorem 2.3. (Lower bound): Suppose that there exists a subsequence { Ny, k > 1}
such that

log \)* < —Ni(A +¢) (2.16)

for some & > 0. We will show that this contradicts [(us*(v))?" (dv) = 1 for sufficiently large
k. Fix p > 0 and define B := Ul_,[K;],. Then, using the lower semicontinuity of the rate
function S;(+]-) and Corollary 2.1 on uniform LDP, we see that for sufficiently large ¢, there
exists d; > 0 such that inf{S;(¢|v) : £,v € B¢} = 6; > 0. Therefore, for any v € BN MY (Z)
and any do > 0, there exists Ny > 1 such that for all N > N,

P, (™ (t) = v) < exp{—=N(Sy(v[v) — 82)} < exp{—=N(d1 + &)}.
On the other hand, (2.15) implies that,

PV(/LN(t) = V) = EV<1{V}<MN<t)))
> e () (v)2" (v),
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so that
uy o™ (dv) < exp{—N(81 + 2)} (2.17)
Bc

for all N > Ny. To bound the integral over B, by Theorem 2.1, with T' = exp{N(A + ¢/2)},
there exist 03 > 0 and N; > Ny such that for all N > Ny,

| B, f (1™ (T) = (f,0™)] < 1| flloo exp{—exp(Nds)},

for any f € B(M;(Z)). On the other hand, from (2.15), for any v € B N MY (Z), with
[ = 1,, we have

|E,f(u™(T) = (f,o™)| =

> exp{=ATH S, ul (v))u) (v)
i>2

> exp{ -3 T} (uz (v)*p™ (v),
so that, by our assumption (2.16), there exists a kg > 1 such that

(1)) ™ (v) < exp{A*T'} exp{— exp(Nydy)}
< exp{2exp(—Ni(A + ¢)) exp(Ng(A + €/2)) } exp{ —Nyd3}

for all k > ko. Since |[MY*(2)| < (Nj, +1)!?! for all k, the above implies that, for some 8, > 0,
[ )2 @) < expl-Ni) (2.18)
for all k > ky. Therefore, (2.17) and (2.18) implies that, for some 6 > 0,
| e n) < expl-3s)
My(2)

for all sufficiently large k, which is a contradiction to [(us*(v))?p"k(dv) = 1 for all sufficiently

large k.
(Upper bound): Suppose that there exists a subsequence { N,k > 1} such that log A} >
Np(—=A + ¢) for some ¢ > 0. Let vy,d0 < £/2,p, Ny be as in Theorem 2.8. Then, with
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f(W) =1xk,),,,3(v) and T = exp{N(A — 69/2)}, (2.11) implies that

E, f(u™(T)) = P,(n"(T) € [Kig]yp2) < exp{-Np}

for all N > Ny and v € [1g],2 N MY (Z). Also, by Theorem 2.7, for any § > 0, there exists
N1 > Ny such that for all N > N;, we have

(f.0") = 9" ([Ki]pj2) = exp{-—Nd}.

This is possible since infeer, ], , $(§) = 0. Therefore, for all N > Ny,

[ B0 =P
- / B (F(™ (D)) = (£, 0™ 0" (dv)
[v0] /2

> " ([vol,yo) (exp{—NpB} — exp{—Nd})
> pN([l/o]p/g) exp{—Nd;}, for some §; > 0
> exp{—Ndy}, for some oy > 0,

where the last inequality follows by Theorem 2.7. On the other hand, for any function f with
[ 1fPdp™ <1, we have

/ B, (f(N(T)) — (£, ™) 2™ (dv)
M (2)
_ e 2T 7%\/ 2uf€V N2 (dy
[ TP 0 )

E>2
<op{-2T} [ ifPa
1

< exp{—2)\)'T}.

Therefore, we have exp{—2\YT} > exp{—Nd,} whenever N > N;. By our assumption, we see
that

exp{—2exp(—Ny(A — €)) exp(N(A — 6))} = exp{—Ny01}

for sufficiently large k, which is a contradiction since dy < £/2. [
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Using the above theorem, we see that, if A > 0, then as N becomes large, it takes longer for
the process u¥ to be close to its invariant measure. This particularly means that metastable
states reduce the rates of convergence of pV to its invariant measure. On the other hand, if
there is a unique global attractor of the limiting McKean-Vlasov equation (2.1), then we see
that A = 0, and convergence rate of u’¥ to its invariant measure does not suffer from such a
slowing down phenomenon.

Note that the spectral expansion in (2.15) is crucial in the proof of Theorem 2.3 to be
able to use the results on the large time behaviour of p¥ established in Section 2.3 to obtain
the asymptotics of A\Y. The main purpose of Theorem 2.3 is to demonstrate that, in the
reversible case, the asymptotics of \Y can be easily obtained as an application of the study of
the large time behaviour of V. Even in the non-reversible case, one can obtain asymptotics of
the real part of \)Y via other approaches; see, for example, [89], where the author obtains the
asymptotics of the real part of the second largest eigenvalue of the generator corresponding to a
small noise diffusion process via examining eigenvalues of a discrete time chain (with transition
probabilities of the form appearing in (2.5)) and transferring them to the operator. Further,
the asymptotics of all the eigenvalues of an [ x [ transition probability matrix whose (i, j)th
entry, for i # j, is given by exp{—NV(K;, K;)} can also be obtained; the real part of (1 — AN
(where j\kN is the kth eigenvalue of the matrix, 2 < k <) decays exponentially in N where the
exponent is given by a quantity analogous to A in (2.9) in which the first minimum is taken
over all graphs in G(W) with [W| =k — 1 and the second minimum is taken over all graphs in
G(W) with |W| = k, see Freidlin and Wentzell [37, Chapter 6, Theorem 7.3]. However, it is not
clear how to transfer these asymptotics to the eigenvalues of LY using the large time behaviour
of %, a question that we leave for the future. This question is also related to the behaviour
of %V over times of the order of the inverse of these eigenvalues. For reversible Markov chains
with a small parameter, such questions have been studied by Miclo [61, 62]. In particular, it
would be interesting to investigate the asymptotics of A}, since the convergence rate of u? to
o depends on whether \YY decays as exp{—NA} or A > exp{—NA}.

Example 2.2. We provide a simplified Curie-Weiss model of magnetisation for which LV is
reversible with respect to o for all N > 1 [25]. Let Z = {—1,+1}. The states represent the
direction of magnetisation of the particles. For each N > 1, consider the following probability

measure on ZV:

N 2
1 1
n(zY) = C—Nexp N <N22n> vz = (21,22,...,2n5) € 2V, (2.19)
n=1
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where Cly is a normalisation constant. Given £ € M;(Z), define the total magnetisation by
ot = E(+1) — &(—1). Define the transition rates

)\z,(—z)(g) = eXp{_2z€tot}a KAS Za 5 € MI(Z>

It is straightforward to verify that the Markov process (X{V,..., X¥) that describes the joint
evolution of the states of all the particles is reversible with respect to its invariant measure my

in (2.19). That is, for every z",z" € ZV that differ on the nth component, we have (recall

that z¥ = £ SN 5,)

WN(ZN))\ZW(,Zn)(ZN) = WN(ZN))\(,Zn)yzn(ZN). (2.20)

From the reversibility of (X{V,..., X¥), noting that oV () is the sum of 7V (z") over all zv
such that zV = £, it is straightforward to check that u™ is reversible. For completeness, we
show the reversibility of x4V by checking the detailed balance condition. Towards this, we first
note that for any &, € MY(Z) such that £(z) = £(z) + 1/N for some z € Z (which ensures
that £(z) > 0, and hence é(—z) > (), we have

£(2) x (Number of z¥ € Z" such that zV = ¢)
= £(—2) x (Number of z¥ € Z¥ such that zV = £)
(2.21)

Let z) € ZV (resp. Zév € ZV) be such that E = £ (resp. ? = £); i.e., the configuration
2

Zév € 2" is obtained from z) € Z" by a particle transition z — (—z). Noting that 7(z")

depends only on zV, we have
N (E)NE(2) A (-2 (&) = ma(z ) (Number of 2" € Z™ such that
= WN(zéV)(Number of z" € Z% such that
( g)(Number of zV € ZV such that zV = §)NE(—2
= @N(g)Ng(_z))‘(—z),z(g)a

= TTN\Z

where we have used (2.21) in the second equality and (2.20) in the third equality. It follows
that % is reversible.

N

Remark 2.6. Another situation where pu? is reversible with respect to v is in the non-

interacting case (i.e. when, for each (z,2') € &, A, (:) is a constant function, which we
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denote by A, ./) where the Markov process on Z with generator

Fo Y (FE) = f@)hwz€ 2

2':(z,2")€E

is reversible with respect to its invariant measure (i.e. when the Markov process corresponding
to a single particle’s evolution on Z is reversible with respect to its invariant measures). This
results in a reversible empirical measure process . However, the authors are not aware
of a general condition (in terms of the transition rates A, ./(-), (z,2') € &) that characterises

reversibility of p%.

2.5 Convergence to a global minimum via controlled ad-

dition of particles

In this section, our goal is to increase the number of particles N over time so as to obtain, with
high probability, convergence of the empirical measure process to a global minimum of the rate
function s that governs the LDP for the sequence of invariant measure {p", N > 1}.

Fix ¢ > 0. Let Ny = min{n € N : exp{nc} —2 > 0}, ty, = 0, and for each N > Nj, let
ty = exp{Nc} — 2. For each N > N, define the generator LY acting on bounded measurable
functions on M, (Z) by

(% (9

L= 3 Ne© e+ - 5) - 10)] e lvivn

where N; = N for t € [ty,ty41). Let 29 € Z be a fixed state and let v € MY(Z). We say
that a probability measure Fp, on D([0,00), M (Z)) is a solution to the martingale problem
for {LY, N > Ny} with initial condition v if Py, (ji : 1(0) = v) = 1; for each N > N, the
restriction of Py, on D([ty,tx11), MY (Z)) is a solution to the D([ty,tni1), MY (Z))-valued

martingale problem for LV; and
N 1
Py, (1t =ty — 5. ) =1
0, (M Atn+1) 1_|_N,U( N+1) T N+ 1 o)
Again, by the boundedness assumption on transition rates (A2), for each v € MY (Z), there

exists a unique probability measure P, that solves the martingale problem for {L N > Ny}
with initial condition v. Let f be the process on D([0,00), M;(Z)) whose law is Fp,. To
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describe the process in words, we start with Ny particles and follow the mean-field interaction
described in Section 2.1.1, except that at each time instant ¢y, N > Ny, we add a new particle
whose state is set to z. Similarly, for ¢ > 0 and v € MUEEF2 e P, denote the law of the
process (f(t'),t" > t) with i(t) = v.

We anticipate that if ¢ is small then V; is so large that the fluid limit kicks in too quickly over
time and the process i converges (over time) to a local minimum of s with positive probability
depending on the initial condition z(0). When c is sufficiently large, we anticipate that there
is enough time for exploration and therefore we will converge to a global minimum of s. Recall
that the set of global minimisers of s is denoted by L. Our interest in this section is in finding

a constant ¢* such that for all ¢ > ¢* and v € MY(Z), we have,
Py, (fi(t) lies in a neighbourhood of L) — 1 (2.22)

as t — oo.

We use the results in the previous sections to identify the constant c¢*. Since N; — oo as
t — oo, for a fixed T" > 0 and large enough ¢, the large deviation properties of the process
(a(s),s € [t,t + T]) from the limiting dynamics (2.1) starting at an arbitrary pi(t) can be
obtained similar to the LDP for the process p¥ studied in Theorem 2.5 and Corollary 2.1.
Therefore, the results in the previous sections on the large time behaviour for the process
(uN(t),t > 0) are also valid for (fi(t),t > 0) when time ¢ is large enough; we make these precise

now.

Lemma 2.12 (see Lemma 2.8). Let 7 and 7% be k-cycles and suppose that 7% — 7%

and
f/(ﬂ’f)/c < 1. Then, given € > 0, there exist § > 0 and p > 0 such that for all p; < p, there is
t* > 0 such that
= V(nk)=8)/c = (= —e/c
Pro (T <t 4tV (7)€ ) 287

o <
holds uniformly for all v € [x¥],, N MY (Z) and t > t*.

Remark 2.7. The condition V(7%)/c < 1 in the above lemma ensures that during the time
duration [t,¢ + tV)/¢] for large enough ¢, the number of particles does not change so that

Lemma 2.8 for the process iV is applicable for the process ji.

Lemma 2.13 (see Lemma 2.9). Let 7% be a k-cycle and suppose that V(7*)/c < 1. Then, given
§ > 0 such that (V(7%) 4 8)/c < 1, there exist e > 0 and p > 0 such that for all py < p, there
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1s t* > 0 such that

<t

Pt,u('fﬂ-k <t+ t( (ﬂ'k)_‘s)/c) S t—a/c7 and

Pt,y(irk >t -+ t(V(Trk)+6)/C) < tiE/C

hold uniformly for all v € [7¥],, N MY (Z) and t > t*.

Lemma 2.14 (see Lemma 2.10). Let 7 be a k-cycle and suppose that V(n*)/c < 1. Given
e >0, there exist § € (0,¢—V(x%)) and p > 0 such that for all py < p, there is t* > 0 such that

Pry(Tor <t + t(V(Wk)+5)/C) < t*(f/(ﬂk)*f/(ﬂk)*ﬁ)/@

holds uniformly for all v € [7*],, "N MY (Z) and t > t*.
Recall the definition of the sets L and C from Section 2.3.

Lemma 2.15 (see Lemma 2.3). Given pyg > 0 and py < po and their associated sets L and C,
giwen v > 0, there exist T* > 0 and t* > 0 such that

P, (7L >t +T") <t7v/e

holds uniformly for allv € C N MM (Z) and t > t*.

To answer the question on the convergence of i to a global minimum of s, we define the
following quantities, analogous to what is done in Hwang and Sheu [44]. Let m be such that

L4 1 is a singleton (denote it by {7™!}). Define
Ay ={7™ € L, : V(z™) = V(x™+)}.
Inductively define, for each 7¢*! € L;, 1,
Ap(m ) = {rh e 7V (k) = V(E,
and for each k£ > 1, define

Ay = U Ap(mFth.

71'k+IEAk+1
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Ao(

Figure 2.1: An example of the hierarchy of cycles with |L| = 9 and m = 2 that depicts the above
definitions. There are four 1-cycles and two 2-cycles. The nodes in the bottom row represent
the elements of L, and the nodes above it represent the hierarchy of cycles. Dashed and dotted
lines indicate the (k — 1)-cycles belonging to a k-cycle. Thick lines indicate the (k — 1)-cycles
that attain max,s—1c.+ V(7%71) for a k-cycle 7%, Circles indicate the sets Ay(7**!). Dashed
lines indicate the cycle 7%~1 ¢ A,_;(7*) that attains the maximum in the second line in the
definition of cx_1(7%); co(m}) = 0 (which is not indicated in the figure), all other c;_;(7*) are
positive.

Also, for each 7% € L;,, define

() 0, if {7*terk:xk-t ¢ A, (7))} =0,
Cp—1 (") = .
o max{V (7*1) : 7=t & Ay (7)), 7%t € 7F}, otherwise,

and for each k£ > 1, define
cr1 = max{c_ (7%),: 7" € Ay}
Finally, define
¢ =max{cg, 0 < k < m}.

See Figure 2.1 that depicts these definitions. Similar to [44, Lemma A.11, Appendix], we can
show that Ay = EO, the set of minimisers of the rate function s that governs the LDP for the
invariant measure {©", N > 1}. We now prove Theorem 2.4 on convergence of fi to the set of

global minimisers.

Proof of Theorem 2.4. Since Ly # L, we have that ¢* > 0. It suffices to show that, for any
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d > 0 with (¢* 4 d)/c < 1, there exist ¢ > 0, p; > 0 and t* > 0 such that
Puolt + 1190%) € [Lo),,) 21— 75
for all £ > t* and v € M}*(Z). Define the stopping time
0 =inf{s > t: a(s) € [L],, }.

By Lemma 2.15, for any M > 0, there exists T* > 0 such that for all v € M}°(Z) and large

enough ¢, we have
P00 >t4+T") <t Me
By the strong Markov property, we have

Py (it + ) € [Lo],)
Z Et,u(1{9§t+T*} : E@,ﬁ(@)(1{ﬂ(t+t(c*+6)/c)e[io]p1}))
inf Py, (At 4+t € [Lo],, ) (1 — t=M/e). (2.23)

<t <t+T*
v1€[L]p,

v

To bound the first term above, fix a t; such that ¢ < ¢; <t+7T* and v, € [L],,. Define the
stopping time 6, = inf{t > t; : (t) € [A,], }. We have

Py (it + 0/ € [Lg),,)

Z Et17'/1 (1{97n<t+t(‘:*+6/2>/c} : Egm,ﬂ(em)(1{ﬂ(t+t<c*+5)/6)e[io}f71}))
> inf Pry o (Tt + t49/%) € [Lo],.)

<ty <t /2 e pr€[Am]

X Py, (O < t 4 tTH/2/0), (2.24)

We first bound the second term P, ,, (6,, <t +t(¢"+3/2/¢). Note that, by Lemma 2.12, for any
My > 0, there exists d; > 0 such that

Py (6 > 1y + tlem™00/ey < 1 yM/e

for sufficiently large ¢t. Let T} = t; + tﬁcm““’/ ¢, and define the stopping time 6 = inf{t >

Ty : i(t) € [L],,}. Again, by Lemma 2.15, there exists a large enough T* such that Py, (0 >
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T, +T%) < TI_M/ “forall v € MlN "1 (Z). Therefore, using the strong Markov property, we have

Ptl,ul (9m >t 4 t(c*+5/2)/c)

< B (Yo, 20.0<m 17y " B o) Lot so2rey))
+ P, (0>T +T%

< Ptl,l/1 <9m > Tl) sup Pt,u(em >t+ t(c*+6/2)/0) 4 t;M/C
T <t<T1+T*
v€[L]py

<A=t"% sup P (O >t 4 Ty g M (2.25)
T <t<T +T*
VE[L]Pl

We now focus on P, (0, > t+ t("+9/2)/¢) for a fixed t € [T1, Ty +T*] and v € [L],,, and repeat

the above steps; this will introduce a multiplication factor of (1 — 75 /%) along with

sup Py (O >t + /D)0
To<t<To+T*
ve([L]py

where Ty = Ty + T“"™*/° in the first term in (2.25), and an addition of #; /¢ in the second

/

term. Therefore, repeating the above steps r ~ tf 2 times, we get

Pt17u1<0m > t + t(C*+5/2)/C) S H(l . T;:_Ml/c) + Ttl_M/C7

n=0

where Tjj = t;, and
Ty =Ty + Ty o0e 4 1,

Note that,

T /O (em—80) e gy,
h

= exp {— eI T:)}

. (T:l—(Cm+M1_61)/C _ t}_(Cm—’—Ml_(sl)/C)} . (226)
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Since T), > t; for all n > 1, we see that T > ¢; + rtgc’""sl)/c ~ 1+ tgcm*gﬁém/c. Therefore,

_ (T*1—<cm+Ml—al)/c _ ti—(cm+M1—61>/c>

<_ ((t1 X tgcm—51+5/2)/6)1—(cm+M1—51)/c _ ti—(cm+M1—61)/c>

1—(em~+Mi1—081)/c
<_ (ﬂ(cmm&l)/c (14 omorsore) —a/e 1)

< <t17(cm+M1761)/ct§cm761+6/2)/071)

_C/tgd/Q—Ml)/c

for some constant ¢ > 0 and large enough ¢;. Hence, (2.26) becomes

[T0 -7 < exp{=ea?* 2y,
n=0

We choose M; = §/4; the above and (2.25) then implies

Ptl,l/1 <0m >t 4+ t(c*+5/2)/c> < exp{_clti/ﬁlc} + tlf(Mfé/Z)/i
and this implies that, for any M’ > 0,

Py (O > t 4 t17HDI) < g M (2.27)

for sufficiently large ¢, ¢ <t; <t + 7" and for all v € [L],,.
We now bound the first term in (2.24), P, ,,(a(t + t+9/¢) € [Ly],,) where t < ty <
t+ @ +/D/e and vy € (A, . Let T € A, be the m-cycle such that vy € [75"],,. Define the

following quantities:

fo =1+ t(c*+5)/c _ t(cm71(7r5”)+6)/c’ and
£ =t 4 /e _ glema(mg')+5/2) /e

Define the stopping time 6 := inf{t > &y : fi(t) € [75"],, }, if ¢* > o1 (75") and 6 = ¢, otherwise.
By the strong Markov property,

Ptz,VQ (/_L(t + t(c*+5)/c) € [Z’U]m)

2 Etz,V2<1{0§£1} ) Eeﬂﬁ(f))(1{ﬁ(t+t<0*+5>/ﬂ)e[io]pl}))
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> P,,,(0 <t) inf Py, (i(t + 119/ € [Lg] ). (2.28)

to<ts<t1,v3€[m"]p,

We first estimate P, ,, (

< t1) when ¢* > c¢,,_1(7§") (if this is not the case, then by definition
of 0, we have P, ,,(0 <t;) =1

0
t1) = 1) . Note that
‘PtQ7V2 (0 > El) = -Ptgﬂlg(/j/(t) g [ﬂ-gl]pl fOI‘ all 2’{0 S t S .El)

S Pt27V2(:a(t) ¢ [L]Pl for all EO S 13 S t~1) + Pt%VQ(’fﬂ—gT S t~1)

Lemma 2.13 implies that
Pryy (Tame < 11) <700
for large ¢ and small enough p; > 0. Also, with this p;, by using Lemma 2.15, we see that
Py, 1, (fi(t) ¢ [L],, for all th<t<t)< t—M/e

for large t, where M; can be chosen as large as we want. This shows that there exists €1 > 0
such that

Prppy (0 <) > 1— 2750/
uniformly for all v, € [7{'],, and large enough ¢. Hence, from (2.27), (2.28) and (2.24), we get

Pt1,l/1 (ﬂ(t + t(c*+6)/c) S [I/O]pl)
> (1=t M1 =207 xinf Py, (ji(ts + 5™ T € [Lg),)

ta>to,
v2€ [7"6’1]91
Ty €Am
5€[5/4,0)

and therefore, for some € > 0, we have

: (e ey o [T
tgtlgtaT*,Ptl’Vl (”(t +1 ) S [Lo]m)
v1€[L]py

> (L= )il Py (lta + 1577 ) € (L)
22
1/26[#(’)’?],,1
Ty EAm
5e[6/4,6)
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We now focus on the second term. This probability inside the infimum can be lower bounded
using similar steps above starting with (2.28); instead of the random variable 6, we consider
the hitting time of a suitable (m — 1)-cycle. Continuing this procedure m times, we eventually

reach Ay. Therefore, we can show

. — (C*+6)/C T > _ 75/C m+1
tStllgthrT*Ptl’Vl (M(t +t ) € [Lo]p1) D (1 t ) ,
Vle[LO}pl

and the result now follows from (2.23). O

We now show that the conclusion of Theorem 2.4 fails if we choose ¢ < ¢*. Since Ly # L,
we have ¢* > 0. Given ¢ < ¢, let 7 € L, be such that V(x¥) < ¢ < V(x%); this is possible
from the definition of ¢*. Note that I~/0 N 7% = (). The below result shows that the exit time
from a neighbourhood of 7* is infinite with positive probability, and this in particular implies
that (2.22) fails.

Proposition 2.1. Let 7 be a k-cycle such that V(7%) < ¢ < V(). There existe € (0,V (7%)—
c), c >0, p1 >0, and t* > 0 such that for all v € [*],, N M (Z) and t > t*, we have

P, (Tee < 00) < - (Vk)—e) /e
Proof. We proceed via the steps in Hwang and Sheu [44]. Let Ty = ¢, and define, for all n > 1,
Thi1 =T, + TX(W’“)/C’ and

]_ N
sz:n+§ﬂﬁwé

(In the above definitions, we assume that V(Wk) > 0; if this is not the case, then we replace

Ty ™)/ in the above definitions by a sufficiently large constant, and the following arguments

will go through.) We have, for any r > 1,
Py(Tow <T,) = P y(Tor <Tpq) + Prp(Troq < T < T5). (2.29)

To bound the second term, define the stopping time 6 = inf{t > T.* | : f(t) € [L],, } where p;

is to be chosen later. Then,

Pt,y(Tr,‘-_l < Tre < TT) = Ptﬂj(TT_l < Toe < Ty 0 < T:,l + T*)
b P(Toy <7k < Tp 0> T, +T%), (2.30)
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where T is such that the second term above is upper bounded by 7, ::{WC for some M > 0 to

be chosen later (this is possible by Lemma 2.15). To bound the first term, note that

Pt,V(TT—l Si_ﬂk < TT’) 0 S T:—l + T*)
S Pt,l/(e S 77_77’“ < Trae S T:—l + T*)
< Evo(Lao)erh,, o<+ - Boueo)(Liz <1.3))

< T::l(V(ﬂ’“)*V(ﬂk)*E)/c

holds for sufficiently large ¢ and small enough p;. Here, the second inequality follows by the
strong Markov property and the third from Lemma 2.14. Choose M sufficiently large, so
that (2.29), (2.30) and the above implies

by V(xk)—e)/c

Po(Foe < T,) < Poy(Far < Tpy) + 210

Therefore, we have

r
—(V(x*) =V (xF —e)/c
Pt,u<7_'7rk < Tr) < 2ZT:; (V(=*)=V(x")—e)/

n=0

< S T -a/e
n=0

ST,
n=0

T
<< / w0 ey,
t
where ¢] is a positive constant. Choose € such that V(Wk) — € > ¢ so that the above implies

Py (T <T)) <& / u— V) =e)/e g,
t

< Cltlf(V(ﬂk)fs)/c

Y

where ¢’ is a positive constant. Let r — oo, and the result follows since T, — oo. O

Example 2.3. We now provide an example where we can choose the transition rates of the
particles so as to minimise a given “nice” function U on M;(Z). Let (Z,€z) denote the

complete graph on Z. Suppose that for every £ € M;(Z) and (z,2') € £z with £(z) > 0, the

29



limit

U (e+2E) - U
Ve U() = Jim 1/N

exists, and is bounded and continuous. Further, assume that the above convergence is uniform

over . Consider the transition rates

A = exp{ _ N<U<§ ' T> _ U(@)} £ e MY(2),6(z) > 0.

R 1+exp{ —N(U(H%) - U(g))}

Then, by verifying the detailed balance condition, it is straightforward to show that the prob-

ability measure

1 —
— exp{—-NU(zM)},z" € 27,
CN

is invariant for the N-particle evolution, where cy = Y v o exp{—=NU(zV)}. Let H :
M;(2) — [0,00) be the Shannon entropy defined by H(§) = — >, . &(2)1logé(2), with the
convention that 0log0 = 0. Since the number of z¥ € Z¥ such that zZV¥ = ¢ is between
(N + 1) Elexp{ NH(£)} and exp{NH (&)} [29, Lemma 2.1.8], p" satisfies

~|2|
T ep =N 01 - HEN} < () < — exp{~N(U(E) ~ HO)}

Therefore, {p™} satisfies the LDP with rate function U — H. Noting that Aij\;? (€) converges

to .. (§) = 11);2;7%5(86()5})} as N — oo uniformly over &, the empirical measure process u'¥
satisfies the process-level LDP, see [50]. Therefore, by modifying U to cU, ¢ > 0, the particle
addition algorithm could ensure convergence to a small neighbourhood of a global minimum of
cU — H. By choosing ¢ large enough, we can ensure convergence to a neighbourhood of a global

minimum of U.
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Chapter 3

Process-Level Large Deviations of Two
Time Scale Mean-Field Models

3.1 The setting and main results

3.1.1 Introduction

Let X', Y be finite sets and (X, Ex) and (Y, Ey) be directed graphs on X and ) respectively. Let
M (X) denote the space of probability measures on X. For each N > 1, we consider Markov

processes with infinitesimal generators acting on functions f on MY (X) x Y of the form

> Nethwlen | (645 - Fon) - flew)

(z,2")e€Ex

+N Y (fEY) = FE W) (©), €€ MY (X) and y € V;

y":(y,y")EEY

here MY (X) C M;(X) denotes the set of probability measures on X that can arise as empirical
measures of N-particle configurations on X, A\, (-, y) : M1 (X) = Ry, (z,2') € Ex and y € Y,
and 7y, : M1(X) = Ry, (y,y') € &y, are given functions. Such processes arise in the context of
weakly interacting Markovian mean-field particle systems in a fast varying environment where
the empirical measure of the particle system evolves in the slow time scale and the environment
process evolves in the fast time scale. An important feature of such processes is that they
are “fully coupled”, i.e., the evolution of the empirical measure depends on the state of the
environment, and the environment itself changes its state depending on the empirical measure

of the particle system. This chapter establishes a process-level large deviation principle (LDP)
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for the joint law of the empirical measure process and the occupation measure of the fast
environment for such fully coupled two time scale mean-field models (see Section 3.1.3 for the
precise mathematical model and Theorem 3.1 for the statement of the main result).

Our study of the LDP for such a two time scale mean-field model is motivated by the
metastability phenomenon in networked systems. Many networked systems that arise in practice
can be modelled using a two time scale mean-field model; see Section 1.1.2 for details of a
wireless local area network. In such networks, there could be multiple seemingly “stable points
of operation”, or metastable points. Some of these may be desirable but some others undesirable
in terms of some performance metrics. One is often interested in understanding the following
metastable phenomena: (i) the mean time spent by the network near an operating point, (ii)
the mean time required for transiting from one stable operating point to another, (iii) the
mean time for the system to be sufficiently close to stationarity, etc. The process-level large
deviations result established in this chapter, along with the results of Chapter 2, helps to answer
such questions on the large time behaviour of these systems when the number of particles NV is
large.

The above two time scale mean-field model is an example of a stochastic process with
time scale separation where a certain component of the process evolves in the slow time scale
(i.e. O(1)-change in a given O(1) time duration) and another component evolves in the fast
time scale (i.e. Q(N)-change in a given O(1) time duration). Such processes that evolve on
multiple time scales have been well studied in the past, and it is known that, under mild
conditions, they exhibit the “averaging principle”: when the time scale separation N becomes
large, the slow component tracks the solution to a certain dynamical system whose driving
function is “averaged” over the stationary behaviour of the fast component. In his seminal work,
Khasminskii [47] first proved the averaging principle for two time scale diffusions. Freidlin and
Wentzell [37, Chapter 7, Section 9] studied the averaging phenomenon in a fully coupled system
of diffusions where both the drift and the diffusion coefficients of the slow component depend
on the fast component and vice-versa. Their proof is based on discretisation arguments. The
averaging phenomenon has also been studied in the context of jump processes with applications
to performance analysis of various computer communication systems and queueing networks —
Castiel et al. [20] studied a carrier sense multiple access algorithm in the context of wireless
networks, Bordenave et al. [14] studied performance analysis of wireless local area networks,
Hunt and Kurtz [42] studied scaling limits of loss networks, Hunt and Laws [43] studied analysis
of trunk reservation policy in the context of loss networks; also see Kelly [46] and the references
therein for other works on loss networks in the two time scale framework. While the above works

on jump processes study the averaging principle in the large-N limit, this chapter focuses on
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the process-level large deviations from the large-/N limit.

Various authors have studied process-level large deviations of diffusion processes evolving
on multiple time scales under various assumptions — see Freidlin and Wentzell [37], Vereten-
nikov [87, 88], Liptser [57], Puhalskii [73] and the references therein. Liptser [57] established the
large deviation principle for the joint law of the slow process and the occupation measure of the
fast process for one-dimensional diffusions when the fast process does not depend on the slow
variable. More recently, Puhalskii [73] extended this for multidimensional diffusions when the
slow and fast processes are fully coupled. His approach is based on the method of stochastic
exponentials for large deviations [70], where one identifies a suitable exponential martingale
associated with the process and characterises the rate function in terms of this exponential
martingale. In identifying the rate function, the main ingredient in the proof is to study a
certain variational problem and show certain continuity property of its solution.

In this chapter, our proof of the process-level large deviation result is based on the method
of stochastic exponentials, see Puhalskii [70, 73], but the main difficulty lies in extending the
approach of Puhalskii [73] to our two time scale mean-field model with jumps. In particular,
our setting requires us to study certain variational problems in an Orlicz space, instead of the
usual L? space in the context of diffusions, to characterise the rate function; see Theorem 3.6
and Theorem 3.8. While Puhalskii [73] uses tools from the theory of elliptic partial differen-
tial equations for the characterisation of the rate function, we use tools from convex analysis
and parametric continuity of optimisation problems. Also, our mean-field setting makes the
solutions to these variational problems blow up near the boundary of the state space, and one
of the main novelties of our work is the methodology to obtain a characterisation of the rate
function in such cases via suitable approximations — see Section 3.6.

Other works in the two time scale regime include Budhiraja et al. [18] who studied the case
where the slow process is a diffusion and the fast process is a Markov chain on a finite set; their
proof is based on the weak convergence approach to large deviations where one establishes
the LDP by studying certain controlled versions of the processes. Kumar and Popovic [53]
established the LDP for two time scale jump-diffusions under some general conditions via
convergence of nonlinear semigroups, but their approach requires verification of the comparison
principle for a certain nonlinear operator. While this is a possible alternative approach for
the mean-field problem under consideration, we have used the more probabilistic stochastic
exponentials approach.

Let us also mention some works on large deviations of mean-field models that do not involve
the fast environment. Dawson and Gértner [26] established the process-level large deviations

of interacting diffusions of mean-field type where each particle evolves as a diffusion process
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with coefficients that depend on the other particles via the empirical measure of the states of
all the particles. Léonard [56, 55] extended this to the case of jump processes. Our work can be
viewed as an extension of Léonard [55] to the case of finite-state mean-field interacting particle
systems with a fully coupled fast varying environment. In the stationary regime, Borkar and
Sundaresan [15] studied the large deviations of the stationary measure of finite-state mean-
field interacting particle systems using tools from Freidlin and Wentzell [37, Chapter 6]. Our
results in this chapter, along with the results of Chapter 2, can be used to study the large time
behaviour and metastability in two time scale mean-field models; see Section 3.1.4.2.

The rest of this chapter is organised as follows. In the rest of this section, we describe our
fully coupled two time scale mean-field model and state our main result and its implications.
The proof of the main result is carried out in Sections 3.2-3.7. Section 3.2 establishes the expo-
nential tightness of the joint law of the empirical measure process and the occupation measure
process of the fast environment. In Section 3.3, we define a certain exponential martingale and
show a necessary condition that holds for every subsequential rate function. In Section 3.4,
we define our candidate rate function using the above exponential martingale and study its
relevant properties. In Section 3.5, we obtain a characterisation of subsequential rate functions
for sufficiently regular elements in the space and Section 3.6 extends this to the whole space
using certain approximation arguments. Finally we complete the proof of the main result in
Section 3.7.

3.1.2 Notation

We summarise the frequently used notation in this chapter; previously used notation from
Chapter 2 are also recalled here for completeness. Let (-,-) denote the inner product and
| - || denote the norm on Euclidean spaces. Given a complete separable metric space S, let
B(S) denote the space of bounded Borel-measurable functions on S equipped with the uniform
topology. Let M(S) denote the space of finite measures on S equipped with the topology
of weak convergence. Let M;(S) denote the space of probability measures on S equipped
with the Lévy-Prohorov metric (which generates the topology of weak convergence). (If S is
a finite set, then M;(S) can be viewed as an (|S| — 1)-dimensional subset of the Euclidean
space RISl: in this case, for v € M;(S), we shall denote the density of v with respect to the
counting measure on S by v). Given N € N, MY (8) € M;(S) denotes the set of probability
measures that can arise as empirical measures of N points on S. Given T' > 0, let D([0, 7], S)
(resp. D(R4,S)) denote the space of cadlag functions on [0,7] (resp. R.) equipped with the
Skorohod-J; topology (see, for example, Ethier and Kurtz [34, Chapter 3]). Similarly, given a
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finite set ), D4([0,T], M(Y)) C D([0,T], M(Y)) denotes the space of cadlag functions 6 on
[0, 7] such that for each 0 < s <t < T, 6, — 05 is an element of M(Y) and 6,()) = ¢. This
equipped with its subspace topology is a complete and separable metric space, and is closed in
D([0,T], M(Y)). If X is an element of D([0,77],S), D([0,00),S) or D+([0,T], M(Y)), let X;
and X (t) denote the coordinate projection of X at time t.

Recall the functions 7 and 7* defined in Section 2.2, i.e., 7(u) == ¢e* —u — 1,u € R, and

+00 iftu<—1
) =4 1 ifu=—1
(u+1loglu+1)—u ifu>-—1.

Given a complete separable metric space S and a finite measure ¥ on S, let L7(S,d) and
L™ (S,9) denote the Orlicz spaces corresponding to the functions 7 and 7*, respectively (see,
for example, Rao and Ren [76, Chapter 3] for an introduction to Orlicz spaces). The Orlicz
norms on these spaces are denoted by || - || r(s.9) and || - || .- (s 9), respectively. Given a directed
and connected graph (V,E) and A = (u,v) € E, let u 4+ A denote v. Given a function
fon [0,T] xS x V, let Df denote the function on [0,7] x S x V' x E defined as follows:
if (t,s,u,A) € [0,7] x § x V x E is such that the edge A is an outgoing edge from the
vertex u, then define f(t,s,u,A) = f(t,s,v) — f(t,s,u) where v = u + A; otherwise define
f(t,s,u,A) = 0. Given a subset W of a Euclidean space and T' > 0, let C*'([0,T] x W x S)
(resp. C*([0,T] x W x 8)) denote the space of functions on f(t,u, s), (t,u,s) € [0,T] x W x S,
that is continuously differentiable (resp. infinitely differentiable) in both ¢ and w.

We finally recall the definition of a large deviation principle from Definition 1.1. Let (S, dp)
be a metric space. We say that a sequence { XV, N > 1} of S-valued random variables defined
on a probability space (2, F, P) satisfies the large deviation principle (LDP) with rate function
I:8— 0,400 if

e (Compactness of level sets). For any s > 0, ®(s) = {z € § : I(x) < s} is a compact
subset of S;

e (LDP lower bound). For any v > 0, § > 0, and x € S, there exists Ny > 1 such that
P(do(X™,2) < 8) > exp{—N(I(z) +7)}

for any N > Ny;
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e (LDP upper bound). For any v > 0, § > 0, and s > 0, there exists Ny > 1 such that
P(do(X"™,®(5)) > 6) < exp{—N(s —7)}

for any N > Nj.

We say that [ : & — [0, +00] is a subsequential rate function for the family {X~ N > 1} if
there exists a subsequence { Ny, k > 1} of N such that the sequence {X™: k > 1} satisfies the

large deviation principle with rate function I.

3.1.3 System model

We describe our model of the mean-field interacting particle system in a fast environment.
Let there be N particles and an environment. There is a state associated with each particle
as well as the environment at all times; the particle states come from a finite set X and the
environment state comes from a finite set ). The state of the nth particle at time ¢ is denoted
by XN (t) € X, and the state of the environment at time ¢ is denoted by Y (¢) € Y. To describe
the evolution of the states of the particles, we consider a directed graph (X, x) on the vertex
set X with the interpretation that whenever (z,2’) € £y, a particle at state x can transit to
state 2. Similarly, to describe the evolution of the environment, we consider a directed graph
(V,&y); (y,y') € & implies that the environment can transit from state y to state y'.

To describe the particle transitions, we define, for each y € ) and (z,2’) € €, a function
Aear () - Mi(X) = Ry, and for each y € ), we consider the generator Q) acting on functions
on XN by

N
QIEN =D > A (Y, ) — FN), XN e XY,

n=1 g/ :(zn,z!)EEN

— N .. . . .
where xV = % > _, 0z, denotes the empirical measure associated with the configuration x”,

and xﬁ 2,2 denotes the resultant configuration of particles when the nth particles changes its
state from z,, to 2/, in xV. To describe the transitions of the environment, for each (y,y') € ),
we define a function 7, ,/(-) : M1(X) — R, and for each £ € M;(X), we consider the generator

L¢ acting on functions on ) by

Leg) = > (90) = 9wy (©), y € V.

y':(y,y')EEY
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Finally, we consider the generator ¥V acting on functions f on XV x Y by
\IJNf(XN,y) = Qévf(ay)(XN) + NLfo(XNa )(y>7 (XNay) € XN x ya

where Q)Y f(-,y)(x") (resp. Lxf(x",-)(y)) indicates that the operator Q,’ (resp. L) acts

on the first variable (resp. second variable) of f and the resultant function is evaluated at x

(resp. y).
We make the following assumptions on the particle system:

(C1) The graph (X, Ey) is irreducible;

(C2) For eachy € Y and (z,2') € Ex, the function A, ./ (-, y) is Lipschitz continuous on M; (X))
and inffEM1(X) )‘x,x’ (57 y) > 07

and the following assumptions on the environment:
(D1) The graph (Y, Ey) is irreducible;

(D2) For each (y,y') € £y, the function 7, (-) is continuous on M1 (X)) and infee aq, () Yy, (€) >
0.

As a consequence of the assumptions (C2) and (D2), we see that the transition rates of the

particles as well as that of the environment are bounded, i.e.,

sup A (§,y) < ooV (z,2') € Ex and Vy € Y,
£eM(X)

and

sup_ Yy (§) < +00V (y,9') € &y,
§eMy(X)
and hence the D([0,00), X x ))-valued martingale problem for ¥y is well-posed (see, for
example, Ethier and Kurtz [34, Section 4.1, Exercise 15]). Therefore, given an initial config-
uration of the particles (XY (0),1 < n < N) € X" and an initial state of the environment
YN (0) € Y, we have a Markov process {((X¥(t),1 < n < N),Y™(t)),t > 0} whose sample
paths are elements of D([0,00), XN x )).
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To describe the process {((XYN(t),1 < n < N),YN(¢)),t > 0} in words, consider the
mapping

{(XY (0,1 <n < N)YN(),t >0} — {%Z@dﬂt):t > 0}
= {p"(t),t = 0} € D([0, 00), M (X))

that takes the process {((XN(¢),1 < n < N),Y¥(¢)),t > 0} and maps it to the empirical
measure process {u~ (t),t > 0}. Note that, if the environment were frozen to be y, then p'v is
Markov with infinitesimal generator

)= Y NE@w(ey) [f (5 w2 %) - f(f)} e MY

(z,x')e€x

We see that a particle in state = at time ¢ makes a transition to state =’ at rate A, (1™ (t), YV (t))
independent of everything else. Similarly, the environment makes a transition from state y to
y at time t at rate Nv,,/ (1" (t)) independent of everything else. Thus, the evolution of each
particle depends on the empirical measure of the states of all the particles and the environment,
and the evolution of the environment depends on the empirical measure of the states of all the
particles. Note that the factor N in the second term of the generator W% indicates that the
process YV makes O(N) many transitions while each particle makes O(1) transitions in a given
O(1) duration of time. Therefore, we have a “fully coupled” system where the particles evolve
in a fast varying environment. Also, the empirical measure process p¥ makes O(N) transitions
over a given duration of time, but each of those transitions are of size O(1/N) on the probability

simplex M;(X). We shall refer to u”¥ as the slow process and Y as the fast process.

Remark 3.1. Throughout the chapter, we assume that all stochastic processes are defined on a
complete filtered probability space (§2, F, (F)t>0, P). We denote integration with respect to P
by £.

Fix T > 0. We now describe the typical behaviour of our two time scale mean-field system
for large N over the time duration [0,7]. Towards this, we define the occupation measure of

the fast process YV by
t
QN(t) 3:/ 1{YN(S)€,}dS, t e [O,T]
0
Note that Y € D+([0,T], M(Y)), 6 (Y) =t and we can view 6 as a measure on [0,7] x ).
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For a fixed empirical measure of the particles £ € My (X)), assumptions (D1) and (D2) imply
that there exists a unique invariant probability measure for the Markov process on ) with
infinitesimal generator L¢ (we denote this by m¢). Therefore, when the empirical measure at
time t is at a fixed state g, since the fast process YV makes O(N) transitions, we expect
that the occupation measure of Y for large N becomes “close” to m,,, the unique invariant
probability measure associated with L,,. Due to this ergodic behaviour of the fast process, we
anticipate that a particle in state z at time ¢ moves to state a’, where (x,2') € €y, at rate
[y Awar (112, )7, (dy), e, the average of Ay (pur, -) over m,, (for any £ € My(X), (v,2') € Ex
and m € My(Y), we define A, (&, m) = [}, Ao (€, y)m(dy)).

More precisely, for large enough N, we anticipate the following averaging principle for the
empirical measure process . If we assume that the initial conditions p(0) — v weakly for
some deterministic element v € M;(X), then we anticipate that u” converges in probability,
in D([0,T], M1(X)), to the solution to the McKean-Vlasov ODE

:u’t = A;t7ﬂutﬂt’ t> 07 Mo =V, (31>

where A

. . . A / . N
p and the occupation measure of the fast process is m,,, i.e., Ay, x, (7,2") = Ay o (s, 7p,,) When

ju.m, denotes the | X X [X| rate matrix of the slow process when the empirical measure is

(x,2) € Ex, /7\%7% (x,2’) = 0 when (z,2') ¢ Ex, /i#t,mt (x,z) = —Zm,# Moo (pt, Ty, ), and
Mt 5Ty

assumption on the transition rates (C2). See Bordenave et al. [14] for the study of averaging

denotes its transpose. Note that the above ODE is well-posed, thanks to the Lipschitz

phenomena of a slightly general two time scale model in which each particle has a fast varying

environment associated with it.

3.1.4 Main result

The result of this chapter is on the large deviations of {(u",0"), N > 1}, the joint empiri-
cal measure process associated with the particle system and the occupation measure process
associated with the environment YV, on D([0,T], M1(X)) x D+([0,T], M(D)).

Theorem 3.1. Assume (C1), (C2), (D1), (D2), and fix T > 0. Suppose that {u™¥(0), N > 1}
satisfies the LDP on M (X) with rate function Iy. Then the sequence {((u™(t),0N(1)),t €
0, 7)), N > 1} satisfies the LDP on D([0,T], M1(X)) x D+([0,T], M(Y)) with rate function

I(p,0) = Io(p(0)) + J (1, 0),
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where J is defined by

J(p,0) = /m] { sup (<047 (it = Afy i 112))

a€R¥X

_/XXSX T(DO((JI,A))S\z,x—l-dA(:utamt):ut<dx))

+ sup / (—ng(y)
geB(Y) JY

— [ D000 A ) )t | 32)
&y

whenever the mapping [0, T] 3 t — p € My (X) is absolutely continuous and 0, when viewed as
a measure on [0,T] x Y, admits the representation 0(dydt) = my(dy)dt for some my € M;())
for almost all t € [0,T], and J(u,0) = +oo otherwise.

Note that our rate function consists of two parts — one corresponding to the empirical
measure process i~ and the other corresponding to the occupation measure of the fast process
Y. The form of the first part of the rate function in (3.2) corresponding to the empirical
measure process p¥ appears in the literature on large deviations of mean-field models (see
Léonard [55, Theorem 3.3], Djehiche and Kaj [30, Theorem 1]). The form of the second part
is related to the rate function that appears in the study of occupation measure of Markov
processes (see Donsker and Varadhan [31, Theorem 1]). Here, the canonical form of the rate

function is f[o,T] SUupPy,- fy — L‘]‘_f(};()y) my(dy)dt and this form of the second part of our rate function

in (3.2) can be obtained by taking supremum over functions of the form e, g € B()). We
see that the first part of the rate function corresponding to the empirical measure process u’™
has parameters of the mean-field model “averaged” by the fast variable. Further the second
part corresponding to the occupation measure of the fast process has parameters “frozen” at
the current value of the slow variable. The form of our rate function is similar in spirit to that
obtained by Puhalskii [73] in the case of coupled diffusions.

Note that, when p is the solution to the McKean-Vlasov equation (3.1) starting at 1(0) and
6, when viewed as a measure on [0,7] x Y, is given by 6(dydt) = w,,(dy)dt where 7, is the
unique invariant probability measure associated with the infinitesimal generator L,,, it is easy
to see that the suprema in (3.2) are attained at the identically 0 functions a = 0 and g = 0 and
hence J(u,d) = 0. Therefore, we recover the typical behaviour of our fully coupled system — at
each time t > 0, the empirical measure process u¥ tracks the solution to the McKean-Vlasov
equation py starting at p(0) and the occupation measure of the fast process #V tracks the

invariant probability measure of the fast process Y~ when the empirical measure is frozen at
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. Our result on the large deviations of the joint empirical measure process and the occupation
measure of the fast process {(u”",6")} enables us to estimate the probabilities of two kinds of
deviations from the typical behaviour — one where, for a given u, the occupation measure of
the fast process deviates from its typical behaviour (which at time ¢ is 7, (dy)dt) and the other
where p deviates from its typical behaviour (which is the solution to (3.1) starting at 1(0)).

We now provide an outline of the proof of Theorem 3.1. Our proof is broadly built upon
the methodology of stochastic exponentials for large deviations by Puhalskii [70, 71, 73], where
one shows the large deviation principle by first obtaining an equation for a subsequential rate
function in terms of a suitable exponential martingale and then obtaining a characterisation of
this subsequential rate function. Towards this, we first show that the sequence {(u",0"), N >
1} is exponentially tight in D([0, 7], M1(X)) x D+([0,7], M(Y)) (see Theorem 3.4); this is
shown using standard martingale arguments and Doob’s inequality. Exponential tightness of
the sequence {(uV,0"), N > 1} implies that there exists a subsequence {Nj,k > 1} of N
such that the family {(u™*, 6V%) k > 1} satisfies the LDP (see, for example, Dembo and
Zeitouni [29, Lemma 4.1.23)); let I denote the rate function that governs the LDP for the
family {(z™*,#Nk),k > 1}. In Sections 3.3-3.6, we obtain a characterisation of I when I is
such that, for some v € My (X), I(p,0) = +oo unless p1g = v; specifically we show that (i, 6)
is given by the right hand side of (3.2). In some more detail, in Section 3.3, we define an
exponential martingale associated with the Markov process (uV,Y™) for a class of functions
a:[0,T] x My(X) = RY and g : [0,T] x M;(X) x Y — R with certain properties, and we
obtain an equation that the rate function I must satisfy in terms of this exponential martingale
(see Theorem 3.5). In Section 3.4, we define our candidate rate function I* in terms of this
exponential martingale as a variational problem over functions o« and g, and we then show
that I* coincides with the RHS of (3.2), and provide a nonvariational expression for I* using
elements from suitable Orlicz spaces (see Theorem 3.6). In Section 3.5, using the properties
of the solution to the variational problem established in Section 3.4 and an extension of the
equation of I to a larger class of functions a and g, we are able to obtain a characterisation
of the rate function I for sufficiently regular elements in D([0,T], M1 (X)) x Dy([0, T], M())
(see Theorem 3.8). In Section 3.6, we extend the above characterisation of I to the whole
space D([0,T], M1(X)) x D+([0,T], M(Y)) via certain approximation arguments. We finally
complete the proof of Theorem 3.1 in Section 3.7, by removing the restriction that, for some
v € M(X), I(11,0) = +oo unless po = v.

Our setting of mean-field interaction with jumps introduces some difficulties in characterising
a subsequential rate function. One of them is in obtaining regularity properties of the solution

to the variational problem appearing in the definition of J(u,6) in (3.2) when (u, ) possesses
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some good properties. In the recent work of Puhalskii [73] on large deviations of fully coupled
diffusions, the author uses tools from the theory of elliptic partial differential equations for
this purpose whereas we resort to tools from convex analysis (Léonard [56, Sections 4-6]) and
parametric continuity of optimisation problems (Sundaram [82, Chapter 9]) — see Theorem 3.6
and Theorem 3.8. Also, unlike in the case of Gaussian noise in Puhalskii [73], our Poissonian
noise prevents us from obtaining an explicit form of the solution to the variational problem
appearing in the rate function (3.2). Yet another difficulty is in obtaining a characterisation
of I(i1,0) when the path y hits the boundary of M;(X). In such cases, the solution to the
variational problem that appears in (3.2) blows up near the boundary and hence the condition
on I established in Theorem 3.7 cannot be directly used. We demonstrate how to approximate
(i, 0) via a sequence of regular elements {(u’,6")};>1 so that the solution to the variational
problem in J(p,0") is well-behaved. We can then use the conclusion of Theorem 3.7 on the

above sequence and show that I(u?,0%) — I(u1,0) as i — oo; see Theorem 3.9.

3.1.4.1 Marginal ;"

The above result on large deviations of the joint law of the empirical measure process of the
particles and the occupation measure of the fast process enables us to easily obtain large
deviations of the empirical measure process u by using the contraction principle (see, for

example, Dembo and Zeitouni [29, Theorem 4.2.1]).

Corollary 3.1. Assume (C1), (C2), (D1), (D2), and fix T > 0. Suppose that {u™(0), N > 1}
satisfies the LDP on My (X) with rate function Iy. Then {u™,N > 1} satisfies the LDP on
D([0,T], My(X)) with rate function Jr defined as follows. If [0,T] > t — p is absolutely

continuous, then

Jr() = Io(po) + /

(0,71

n /X B T(Da@,A))xx,mA(ut,m)ut(dx))

{sup (tasin = sup [t 5, )

a€ERX meM1(Y)

9eB(Y)

o [ (~Lnotn - [ Dyl A yeas(p) ()] } i,

where 0, when viewed as a measure on [0,T] x Y, admits the representation 6(dydt) = m(dy)dt
for some my € My(Y) for almost allt € [0,T), and Jp(pn) = +oo otherwise.
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3.1.4.2 Large time behaviour

Using the result on the finite duration LDP for the process {u”¥, N > 1} in Corollary 3.1, we
can employ the tools of Freidlin and Wentzell [37, Chapter 6] and Hwang and Sheu [44] to
study the large time behaviour of the process p”¥. The programme to understand the large
time behaviour is carried out in Section 2.3. The two crucial properties needed to establish the
large time behaviour of p¥ are: (i) the continuity of the Freidlin-Wentzell quasipotential (see
Section 2.3 for its definition) and (ii) uniform large deviations of y", uniformly with respect
to the initial condition p(0) lying in a given closed set. One can show that the Freidlin-
Wentzell quasipotential is continuous on M;(X) x M;(X) by constructing constant velocity
trajectories between any two given points in M;(X) and estimating the corresponding Jr for
that path; see Borkar and Sundaresan [15, Lemma 3.4]. Since the space M;(X) is compact,
one can also establish uniform large deviation estimates, see Corollary 2.1. Using the above
two properties and the fact that (uV,Y™) is strong Markov, one can establish results on the
large time behaviour of xV such as (i) the mean exit time from a neighbourhood of an w-limit

set of (3.1), (ii) the probability of reaching a given w-limit set starting from another, etc.

3.2 Exponential tightness

In this section, we prove the exponential tightness of the sequence {((u¥ (¢), 0V (t)),t € [0,T]), N >
1} in D([0,T], M1(X)) x D4([0,T], M(Y)). Towards this, we shall use the following results
(Theorems 3.2-3.3). The proof of these results are standard and will be omitted here (see Feng
and Kurtz [36, Theorem 4.4] and Puhalskii [70, Theorem B]).

Theorem 3.2. A sequence { XN} = {XN t € [0,T]} taking values in D([0,T],S) is exponen-
tially tight if and only if

(i) for each M > 0, there exists a compact set Ky C S such that

1
lim sup Nlog P(3t € [0,T] such that X} ¢ Ky) < —M,

N—oo

(ii) there exists a family of functions F C C(S) that is closed under addition and separates
points on S such that for each f € F, {f(X™)} is exponentially tight in D([0,T],R).

See Feng and Kurtz [36, Theorem 4.4] for a proof. We also need the following sufficient
condition for exponential tightness in D([0, 7], R).
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Theorem 3.3. Let {X"} be a sequence taking values in D([0,T],R). Suppose that

(i) we have

1
im limsupﬁlog P(3t € [0,T) such that | X}N| > M) = —c0,

1
M=o N_oo
(i1) for each e > 0,

1
limlim sup — log sup P( sup |Xt];[ — Xt]ﬁ > ) = —o0.
00 N—oo t1€[0,T] t2€[t1,t149]

Then { XN} is exponentially tight in D([0,T], R).

See Puhalskii [70, Theorem B] for a proof.
We now show the main result of this section, namely exponential tightness of the sequence
{(u",0%), N > 1}.

Theorem 3.4. The sequence of random variables {((u™ (t), 0N (¢)),t € [0,T]), N > 1} is expo-
nentially tight in D([0,T], M1(X)) x D+([0,T], M(D)), i.e., given any M > 0, there exists a
compact set Ky C D(]0,T], M1(X)) x D+(]0,T], M(Y)) such that

limsup%logP (N (), 67 ().t € [0,T]} ¢ Kar) < —M.

N—oo

Proof. Tt suffices to show that ¥ and 6% are individually exponentially tight in D([0, T], My (X))
and D+([0,T], M(Y)) respectively (see, for example, Feng and Kurtz [36, Lemma 3.6]).

Consider 0. Note that, for ¢t € [0,T], we have |0 (Y)| < t for any subset Y C Y. Therefore,
using the compact set Ky = {y € RY : 0 < y; < TVi} C M(Y), condition (i) of Theorem 3.2
holds. To verify condition (ii), define the collection of functions F':= {f : M(Y) - R : f(0) =
(a,0),c € RY}. Clearly, F is closed under addition and separates points on M(Y). For any
f of the form f(6) = («,0) for some a € RY, note that, with XY = f(X}), condition (i) of
Theorem 3.3 holds since |X}¥| < t max;ey |o;|. To verify condition (ii) of Theorem 3.3, note
that, for any 0 < s < ¢t < T, we have |[0N(Y) — 0N(Y)| <t — s for any Y C Y and hence
| XN — XN| < (t — s)max; |oy|. Thus, by choosing a sufficiently small § > 0, it is easy to see
that condition (i) of Theorem 3.3 holds. This establishes the exponential tightness of {#"} in
([0, T}, M()).
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We now show that p!V is exponentially tight in D([0, T, M;(X)). Since for each ¢t > 0, u
takes values in a compact space, condition (i) of Theorem 3.2 holds trivially. Again, to show
condition (i) of Theorem 3.2, we shall make use of Theorem 3.3. For this, we fix the class
of functions F == {f : My(X) — R, : f(§) = (o, €),a € RY}, which is clearly closed under
addition and separates points on M;(X). Fix f € F such that f(¢) = (o, ) for some o € RY
and let XY = f(ud) = (a, u¥). Note that, we have | X}N| < max, |a,| for all t > 0 and N > 1,
hence condition (i) of Theorem 3.3 holds. To check condition (ii), note that, for each t; > 0
and 8 > 1,

M, == exp {N (ﬁXtN - Bx}Y — 6/t Dy f(p)ds
t1
- /t/ 7(BDa(x, A)) Mg pran (1l Y;N)ui,v(dx)ds) } 4>,
t1 JXXEx

is an Fi-martingale (see Léonard [56, Lemma 3.3]; alternatively, this can be easily checked
using the Doléans-Dade exponential formula, see, for example, Jacod and Shiryaev [45, Chap-
ter I, Theorem 4.61]). Therefore, given € > 0, § > 0 and ¢; > 0, we have

P sup (X —X[V) > ¢
to€

[t1,t1+9]

=P ( sup  exp{NB(X]) — X} > exp{Nﬁa})

to€t1,t149]

t
:P( sup M, x exp{Nﬁ/ q)yswf(uiv)ds
t1

te[t1,t1+9]

o / t/ T(BDa(x, A)Aaaan (), V)l <df€)d3} > ep{NG 8})
t1 JXXEx

<P ( sup M;exp{Ndcnz5} > exp{Nﬂe})

te[tl,tl +6]

<exp{—N(Be — dcap)}

where c,p is a constant depending on o and [3; here the first inequality follows from the
boundedness of the transition rates which is a consequence of the Lipschitz assumption (C2),

and the second inequality follows from Doob’s martingale inequality and the fact that EM, =
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EM,;, =1 for all t > ;. Thus, we obtain

1
lim lim sup — log sup P sup (X, — X[V) > e | < —Pe,
440 N—o0 tIE[O,T] tze[tl,t1+(ﬂ

and hence, letting 5 — 0o, we have

00 Nooo t1€[0,T] t2€[t1,t1+4]

1
lim limsup — log sup P ( sup (Xg — XtJY) > g> — oo,
We can now replace o with —a and repeat the above arguments to conclude that

1

lim lim sup — log sup P sup | XY — X[ > e = —o0.
00 N—oo t1€[0,T] to€[t1,t146]

We have thus verified condition (i7) of Theorem 3.3 and hence it follows that {u™, N > 1} is

exponentially tight in D([0,T], M;(X)). This completes the proof of the theorem. O

3.3 An equation for the subsequential rate function

Let 1 : D([0,T], My(X)) x Dy([0,T], M(Y)) — [0,+00] denote a subsequential rate func-
tion for the family {(u",6"), N > 1}, i.e., for some sequence {Nj, k > 1} of N, the family
{(u™%, 0Ne) k> 1} satisfies the large deviation principle with rate function I. In this section,

we obtain a condition that every such subsequential rate function must satisfy.
We start with some definitions. Given g € CH1([0,T] x M (X) x )), define

VI YY) = g™ (8), YN (1)) = go(u™ (0),Y(0)) — 0 %

_ /0 t [gs (MN(SH % ];5:5,YN(S))

(1 (), Y™ (s))ds




(3.3)

n—1

Let n € N. Given the time points 0 = tp < t; < --- < t, =T, a = (a,)i-, where oy, :
M (X) — RY is continuous for each 0 < i <n —1, and p € D([0,T], M(X)), define

n

[l = 3 () s = )t € 0.7 (3.4
i=1
note that this object is an element of D([0,T],R). Given s € [0, 7], define
as(ps) = i v, (i) Lseltioo )
i=1
Then, given s € [0,T], z € X, and A = (x,2') € Ex, we have

DCYS(MS)(.CE, A) = Z(ati—l (/J/tt—l)('r/) — (luti—l)(‘I))]‘{te[tifl»ti)}'

=1

Similarly, given s € [0,7], y € Y, and A = (y,y’) € &y, we have

Dys(pis,y, A) = gs(ps, Y') — gs(ps, v).-

Finally, given (i, 0) € D(]0,T], M1(X)) x D+([0,T], M(Y)), time points 0 =ty < t; < -+ <

t, =T, a= (o)~ and g that satisfy the above requirements, define

t t
U, 0) = / avs(pas)dpts _/ <048(/~LS)=/ Azs,yﬂsmS(dﬁy)>d$
0 0 Y

_/0 /XXS XyT(DOés(:us)(x,A>>/\a:,z+dA(/uLs,y)us(dx)ms(dy)ds

- [ (Bt

T /g y T(Dgs(,us,y7A))Vy,ywA(Ms))ms(dy)dS; (3.5)

here 6, when viewed as a measure on [0,7] x ), admits the representation (dydt) = m.(dy)dt
for some m; € M;()) for almost all ¢ € [0, T], which follows from the existence of the regular
conditional distribution (see, for example, Ethier and Kurtz [34, Theorem 8.1, page 502]).

We prove the following result, a condition that I must satisfy in terms of the functions U*9.
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Theorem 3.5. Let I : D([0,T], M1(X)) x D+([0,T], M(Y)) — [0, +00] denote a rate function
and suppose that there is a subsequence {(u™*, 0N%), k > 1} of {(u™,0N), N > 1} that satisfies
the LDP with rate function I. Then, for each o and g that satisfy the requirements of the
definition of U and V' in (3.5) and (3.3) respectively, we have

sup (U3 (1.0) = 1(1,0)) = 0. (3.6)
(y,@)ED([O,T},Ml(X))XDT([O,T],M(J/))

Proof. Note that, since the transition rates are bounded (which is a consequence of the assump-
tions (C2) and (D2)),

t t
N (/ as(us)duf—/ <as(us),/Azg,yuiV@N(dde)» >0,
0 0 Y

is an Fp-martingale. Also, by It6’s formula,

g:(u™ (), YN (1) — go (1™ (0), Y(0)) i %( N(s), YN (s))ds
b =85 vy,
- [ (o)

= ()Y 5 N e (.Y 5
N [ L 6,90 6 2 0,
0
is an Fi-martingale. Therefore, using the Doléans-Dade exponential formula, it follows that
exp{NU(u™, 0%) + Vi (1™, Y ™)}, t > 0,
is an F;-martingale, and hence
Eexp{NUz*(u"™,0%) + VZ(u", Y™)} = 1.

Clearly, U7(-, ) is continuous on D([0, 7], M1(X)) x D+([0,T], M(Y)), and since g is continu-
ously differentiable in the second argument, V¥ (u~, YY) is bounded, and hence Vi (™, YV)/N
goes to 0 P-a.s. Therefore, the result follows from an application of Varadhan’s lemma along
the subsequence { Ny, k > 1} (see, for example, [29, Theorem 4.3.1]). O
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3.4 The variational problem in J

Motivated by the duality relation (3.6), we define our candidate rate function
I*(p, 0) = sup Up? (11, 0), (3.7)
ag

where the supremum is taken over all functions a and ¢ that satisfy the conditions in Theo-
rem 3.5.

In this section, we study the above variational problem and show that, whenever I*(u,0) <
+o00, I*(p,0) coincides with the RHS of (3.2) and that I*(u,#) can be expressed in a non-
variational form using elements from suitable Orlicz spaces. We begin with a necessary condition
on the elements of D([0, 7], M1(X)) x D+([0,T], M(Y)) whose I* is finite.

Lemma 3.1. If I*(,0) < +o00, then the mapping [0,T] > t — u € My(X) is absolutely

continuous.

Proof. Take g =0 and « to be a function of only time (and denote this by «a;) in the definition
of Uy in (3.5). Then (3.7) becomes

I*(u,0) = sup Up? (u, 0)
a,g
T T _
2/ oztd,ut _/ <at7Azt,mtut>dt
0 0

T
- / / (D, A)) A an (10, ) () .
0 X><5X

Therefore,

T T
/ atd:ut < ]*<:U’7 6) + / <at7 A;t,mt:ut>dt
0 0

T
+ / / (D, A)) Ao an (10, ) () .
0 XXgX

Replacing cay in place of a4 in the above equation, dividing throughout by ¢ and choosing

¢ = 1/[|Dal| 1= (jo,11x x xEx 2o ay an (uesme)pe(dzyar) (1€ the inverse of the norm of the function Do in
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the Orlicz space L7([0,T] x X X Ex, Aporan (pie, me) e (dx)dt)), we have

T
/ avdpty < | Da| pr 10,17 x xR o (esme e (dayae) (L (16 0) + 1)
0

T
+ / <Oét7 Azt’mt,ut>dt.
0

Since « is arbitrary, from the definition of fot aidpy in (3.4), it is clear that the mapping
0,T] 5t iy € M;y(X) is absolutely continuous. O

We also need the following lemma, whose proof can be found in Puhalskii [71, Lemma A.2,
page 460].

Lemma 3.2. Let V be a complete separable metric space, and let U be a dense subspace of
V. Let f(t,v) be a function defined on [0,T] x V that is measurable in t and continuous in v.
Further, if f(t,5(t)) is locally integrable with respect to the Lebesque measure on [0,T] for all
measurable functions 3 : [0, T] — U, then

T T
sup | s~ [ s s ar

yeu
where the supremum in the LHS is taken over all U-valued measurable functions B(-).

Let us introduce some notations. Let DCy (resp. DCy) denote the space of functions
Da (resp. Dg) on [0,T] x X x Ex (resp. [0,T] x Y x Ey) such that a« € C'([0,T] x X)
(resp. g € C1([0,T] x ))). (For economy of notation in the sequel, we shall also view R-valued
functions on [0,7] x X as R*-valued functions on [0,T].) Given (u,6) € D([0,T], M;(X)) x
D+([0,T], M(Y)), let Ha(p1,0) denote the L7 ([0, T] x X X Exy Aparan (i, my) pe(dz)dt)-closure
of functions of the form {exp{Da} — 1, Da € DCx} and let Hy(u,6) denote the L™ ([0,T] x
Y X Ey, Yyyt+dn (pe)me(dy)dt)-closure of functions of the form {exp{Dg} —1, Dg € DCy}, where
6 admits the representation 0(dydt) = my(dy)dt for some m; € M;()) for almost all ¢ € [0, T.

We now prove the main result of this section.

Theorem 3.6. Suppose that (u,0) € D([0,T], M1(X))xD4([0,T], M(Y)) is such that I*(u,0) <
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oo. Then, we have

I (,0) I/[m{sup <<Oéa(ﬂt—/\2t,mt“t)>

a€R¥X

_/XXSX T(DO[(.I,A))S\x,m—i-dA(:utumt)Mt(dx))

+ sup /(—Lutg(y)
geBY) JY

- /gy 7(Dg(y, A))'Vy,y—&-dA(llft)) mt(dy)} dt, (3:8)

where my € M1(Y) is such that 0, when viewed as a measure on [0, T]x), admits the representa-
tion O(dydt) = my(dy)dt for almost allt € [0,T]. Moreover, there exist functions hy € Ha (1, 0)
and hy € Hy(p,0) that satisfy

/ ha DaXg yan (pe, my) pe (d)dt
[0,T]xXxEx

= (o, (1 = NS, o, ie) ) dt, Voo € B([0,T] x X), (3.9)
[0,7]

and

/ hy D gy yvan(pe)mq(dy)dt
0,T]xYxEy

—— [ Dyas(umldnd, vg € BO.T < V), (310
0,T|xYxEy

respectively, hxy € L7 ([0, T|X X X Ex, A wranpie(dz)dt) and hy € L™ ([0, T]x Y xEy, Vy.yran (1e)me(dy)dt),
and I*(u,0) admits the representation

I = [ 7 eV e (e, )t
[0,T]xXxEx
n / 7 (hy Yy s (e e (dy) . (3.11)
0,T|xYxEy

Furthermore, if infycjo ry mingex p(x) > 0 and infycp p) mingey my(y) > 0, the suprema in (5.8)
over o and g are attained by &, € RY and g, € B(Y) that satisfy

fit (x) - (A;t,mtﬂt) (x)
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() Y (exp{ay(a’) — au(x)} — 1)Agr (e, my)

— Z pe(z0) (exp{ay () — du(w0)} — 1) Aggw(its,me) = 0, Vo € X,

ToEX:
(zo,2)EEX

and

ma(y) Y exp{(y) — G W)y (1)
y'ey:
(yy')EEY

- Z me(yo) exp{d:(y) — G:(yo) }ryo (1) =0, Yy € V),

YoEY:
(yo,y)EEY

for almost all t € [0,T), respectively.

(3.12)

(3.13)

Proof. For the first part of the theorem, we shall make use of Lemma 3.2. Note that, by
Lemma 3.1, we have that the mapping [0,7] > ¢ — p; € M;(X) is absolutely continuous and
0 admits the representation 6(dydt) = my(dy)dt where m; € M;()) for almost all ¢ € [0, T].

Therefore, for each ¢t > 0, U;"? in (3.5) can be written as

Uf’g(:uae):/o<Oés<:us>’/~.bs>d8—/0 <O[S(,us) Azgmg >dS
_/0 /X . T(Das(ps) (2, A)Agwran (1ts, ms) ps(da)ds

- [ (Bt

+ /gy 7(Dgs(ps, v, A))'Yy,gﬁ—dA (:u8>> ms(dy)ds,

where v and g be satisfy the requirements in the definition of U;*Y in (3.5). Thus,

I"(p,0) = Sup/[OT] ((Oét(ﬂt)>ﬂt> - <04t(/it)a/_\;t,mt/‘t>

«

[ T<Dat<ut><x,A>>Am,x+m<ut,maut(czx))dt

+sup/[OT]/( Ly g ) ()

/‘g 7(Dgi(pe, Y, A))%/@—i—dA(Nlﬁ)) my(dy)dt
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where the supremum is taken over all functions a and ¢ that satisfy the conditions in the
definition of U in (3.5). Note that, since p is kept fixed, an approximation argument using
mollifiers implies that the above supremum over o can be replaced by supremum over R*-
valued bounded measurable functions on [0,7]. Once again, since p is fixed, we can replace
the supremum over g € C*([0,T], M;(X) x ) with the supremum over bounded measurable
functions on [0, 7] x Y. Therefore,

I"(p,0) = sup/[OT] (<at(ﬂt)7ﬂt> - <at(ﬂt)vA;t,tht>

(e}

[ T<Dat<ut><x,A>>Xx,x+cm<ut,mtmt(dx))dt

+81;p/[07T]/y(—ngt(/ita')(y)

—/5 T(Dg(pue, v, A))'Yyyﬂm(ut)) my(dy)dt

where the supremum is taken over bounded measurable functions a : [0,7] — R and g :
[0,7] x Y — R. We can now apply Lemma 3.2 to conclude that I*(yu,0) is given by (3.8).

We obtain the existence of functions hxy € Hx(i,0) and hy € Hy(p,0) that satisfy the
conditions (3.9) and (3.10) and the non-variational representation of I* in (3.11) by carrying out

the convex analytic programme of Léonard [56, Sections 5-6] to the bounded linear functionals

a = <at7 (Mt - Azt,mz:ut)> dt
[0,T]

and

g (9:(y + A) = (1)) Vyyran () me(dy)dt
[0,T]xYxEy

on the closure of {Da,a € B([0,7] x X)} and {Dg,g € B([0,T7] x V)} in the Orlicz spaces
L7([0,T) x X X Exy Apwran (pe, me) e (dx)dt) and L7([0,T) X Y X Ey, Vyyraa (1:)me(dy)dt) re-
spectively; the proof follows verbatim from Léonard [56] to our case, and we omit the details
here.

Finally, to show the existence of supremisers &; and ¢; in (3.8) and the conditions (3.12)

and (3.13) in the case when infycp ) mingex pte(x) > 0 and infiejo ) mingey my(y) > 0, note
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that, for each ¢ € [0, T] for which f; exists, the mappings

ap = o, (e = Ay, fie)) — /X . T(Day(, D) Ay zvan (e, ) e (dr) (3.14)

and, viewing ¢; as an element of RY,

gi > — /y (Lutgt(yH / T(Dgt(y,A))vy,y+dA(ut))mt(dy) (3.15)

&y

are concave on RY and RY respectively. Therefore, there is an & and a g, that attain the
suprema in (3.8); the conditions in (3.12) and (3.13) on & and g, easily follow by writing down
the first order conditions for optimality of the mappings in (3.14) and (3.15) respectively. [

3.5 Characterisation of the subsequential rate function

for sufficiently regular elements

Let I : D([0,T], My(X)) x D+([0,T], M(Y)) — [0, +00] be a subsequential rate function for
the family {(¢™,0"), N > 1}, i.e., for some sequence {Ny, k > 1} of N, {(u™,0V%) k > 1}
satisfies the large deviation principle with rate function I. In addition suppose that, for some
v € My(X), I(11,0) = +oo unless p1g = v. In this section, we characterise I for sufficiently
regular elements in D([0,T], M1(X)) x Dy([0,T], M(Y)), i.e., we show that I(ji,0) = I*(ji,0)

for all elements (i1,6) € D([0,7], M1(X)) x D+([0,T], M(Y)) that satisfy certain regularity
properties, where I* is given by (3.8) (see Theorem 3.8).

3.5.1 An extension of Theorem 3.5

We first extend the conclusion of Theorem 3.5 to a larger class of functions o and ¢g. Let
I' € D([0,T], M1(X)) x D+(]0,T], M(Y)) denote the set of points (1, ) such that the mapping
0,7] 5t — u € M;y(X) is absolutely continuous, and 6, when viewed as a measure on
[0,7] x YV, admits the representation 0(dydt) = m(dy)dt where m; € M;()) for almost all
t € [0,7]. In particular, (u,#) € I'" implies that the mapping ¢ — g, is differentiable for
almost all ¢t € [0,7]. Given bounded measurable functions « : [0,7] x M;(X) — RY and
g:[0,T] x M;(X) x Y — R such that for all ¢ € [0,7] and y € Y both «(t,-) and g(¢, -, y) are
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continuous on M;(X), we define, with a slight abuse of notation, for (u,0) € I" and ¢ € [0, 77,

U9 (11, 0) = /[ }{(@s(us),ﬂs SR )
0,t

_/Xxg T(Das () (2, A)) Mg oran (s, M) s (da)

- /y (Lusgs(us, (W)

+ /gy T(Dgs(ps, ¥, A))’Vy,y+dA(Ms)) ms(dy) }d5~ (3.16)

Note that the boundedness of @ and ¢ in the above definition implies that Da € L7(]0,T] X
X X Exy Mg wran (e, me)pe(dz)dt), and Dg € L7([0,T] X Ey X YV, vy yraa (i) me(dy)dt).

Let I : D([0,T], M1(X)) x D+([0,T], M(Y)) — [0, 4+00] be a subsequential rate function for
the family {(u,0"), N > 1}. Note that, by Theorem 3.5 and the definition of I* in (3.7), we
have that 1(u,0) > I*(u,0) for all (1,0) € D([0,T], M1(X)) x D+([0,T], M(Y)). Given § > 0,
define

Ks={(n,0) : I(n,0) < 6};

since T has compact level sets, K is compact in D([0, T], M (X)) x Dy([0,T], M(})). By
Lemma 3.1 and the fact that I > I*, we have that K5 € I'. We now prove the following

extension to Theorem 3.5.

Theorem 3.7. Let I : D([0,T], My (X)) x D+([0,T], M(Y)) = [0, +00] be a subsequential rate
function. Let o : [0, T] x M1(X) = RY, g :[0,T]x M1(X)xY — R be bounded and measurable

functions such that both o and g are continuous on My(X). Then,

sup <U70“17g</~b7 9) - I(M? 9)) =0.

(m,0)er

Moreover, there exists some § > 0 (depending on « and g) such that

sup (Up?(p,0) = 1(p,0)) =0, (3.17)

(/1/79)6[(5
and the above supremum s attained.

Proof. We first define certain approximations of functions a and g that meet the requirements

of Theorem 3.5 and prove certain convergence properties of these approximations. We then use
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the conclusion of Theorem 3.5 for these approximations and pass to the limit to obtain (3.17).
Our proof is inspired by ideas from Puhalskii [71, Lemma 7.2 and Theorem 7.1], with necessary
modifications to our mean-field with jumps setting.

Since « is a Carathéodory function, using the Scorza-Dragoni theorem, for each ¢ > 1, there
exists a compact set F; C [0, 7] and a measurable function a; : [0, 7] x M;(X) — R? such that
a; = aon F; x My(X), &; is continuous on F; x M;(X), and Leb([0,T] \ F;) < 1/i (see, for
example, Ekeland and Temam [33, page 235]). Since [0,7] \ F; is open in [0,T], we can write
it as a countable union of disjoint open intervals, and hence we can extend &; to a continuous
function on [0,7] x M;(X) by a linear interpolation between the two endpoints of the above

open intervals; we again denote this function by @;. Put o;(t, ;) = a( Lt:(%”, 1)) ), Where
n(i)

n(i) — oo as ¢ — o0o. By continuity of 7, boundedness of a and «;, boundedness of transition

rates of the particles (which is a consequence of assumption (C2)), we have that, for each § > 0,

sup
(M,Q) €K;s

/ P (Das(t, 1) (2, A)) Aarmsan (10, mos () dt—
0, T]xXXEx

/ T<Da<t,ut><x,A))Ax,xm(ut,mtm(dx)dt\
[O,T] XXXgX

= sup
(M?e) GK(S

[ et A))Xx,mm,mtmt(d:c)dt‘
FicXXXSX

/ F(Da(t, ) () A) A an (10, moyps () —
FfxXxEx

< Leb(Ff) x ¢ — 0 (3.18)

as i — 00, where ¢, > 0 is a constant depending on «. Furthermore, given § > 0 and
(u,0) € Ks, by Lemma 3.1, the mapping [0, 7] > t — u; € M;(X) is absolutely continuous.
Hence, noting that p is kept fixed, by (3.9) in Theorem 3.6, there exists hxy € H(u, ) such that

<Oé(t, :ut)a (:ut - ]\;t,m“u’t)> dt
(0,77

= / ha DX o yan (b, me) pu(de)dt,
[0,T)xXxEx
and

/ <ai(t7 :ut)7 (:U’t - A;t,mﬂut)> dt
(0,71

= / ha Dol ovan (pe, me) piy (dv)dt.
[0, T)xXxEx
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Therefore,

[ttt =t ) = K
(0,17
:’ / hx(Da; — Doz)j\z,HdA(,ut, my) g (dx)dt
[0,T)xXxEx

< / e (Das — D) Ao ran (1o, mo ) (da)dt
[0,T]x X xEx

< 2[hxll ([0, T]X X XEx Az +da (p,me) pe (dz)dt)

X “Dal - Da“LT([OaT]><X><5X75\z,z+dA(Mt,mt)ut(d$)dt)
< 2max{1l,d + T}

x || Da; — DOZ||LT([0,T]xXxsXAx,HdA(ut,mt)ut(dz)dt)»

where the second inequality follows from Holder’s inequality in Orlicz spaces and the third
inequality follows from the non-variational representation of the candidate rate function in I*
in (3.11), which gives that [[ha |l L+ (011x ¥ xR s an (uesme)ue (@a)ary < max{l, I*(u, 0) + T}, along
with the fact that (u,0) € Ks and I*(u,0) < I(p,0). Hence,

sup
(#,9)61(6

/ <ai<t7 ﬂt) - CY(t, ,Ut)a ,at - /_\;t,mt,ut>dt —0 (319)
[0,7]

as ¢ — oo. Similarly, by standard arguments using mollifiers and the Scorza-Dragoni theorem,
we can show that there exist functions g; on [0, 7] x M (X) x Y such that ¢;(-,-,y) € C*([0,T]x
My (X)) for all y € Y and Leb{t € [0,T7] : ¢;(t,-,-) # g(t,-,+)} < 1/i for each i > 1. Therefore,
using boundedness of the functions g, ¢;,7 > 1, and boundedness of the transition rates of the

fast process (which is a consequence of assumption (D2)), we see that

/ (L,Lttgi<t7ut7 )(y)
[0,TTxY

i /5 (Dgs(ts 1.y, A))vy,ymwt))mt(dwdt
y

- /{Mw <Lut9(t, fie; ) (y)

+ /5 T(Dg(t,ut,y,A))vy,y+dA(ut))mt(dy)dt‘ =0 (3.20)

sup
(M:e)eKts

as i — 00. Since «; and g;, ¢ > 1, satisfy the conditions on a and g respectively in the definitions
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of U in (3.5) and V in (3.3), Theorem 3.5 implies that

sup (U7 (u,0) — I(p,0)) = 0.
(“70)€D([07T]7M1(X))XDT([O’TLM(y))

By Lemma 3.1 and the fact that I(u,0) > I*(u,6), we see that I(y,#) = +oo whenever
(11,0) ¢ T', and hence we immediately get

sup (U7 (u,0) — I(p,0)) = 0. (3.21)
(w,0)€er
Let us now show that
sup  (US9 (1, 0) — I(p1,0)) =0 (3.22)
(#79)€K§

holds for a suitable § > 0 and all 7 > 1. Note that, using the boundedness of the functions
a, g, a; and g;, ¢ > 1, and the boundedness of the transition rates (as a consequence of

assumptions (C2) and (D2)), we have

Uz .0 = |

{2<al(t7 /"Lt)7 /‘:Lt - A;t,mtu’t>
(0,T]

_/;cxs T(2Da(t, 1) (w, A)) Ay gvan (b, me) pue (dx)

- / (2Lm9t(/~bt,-)(y)
y
+/€ 7(2Dg;(t, put, y, A))Vy,erdA(Mt)) mt(dy)}dt
Y
> 22U (u,0) — 2T ¢, 4

for all ¢ > 1, where c,,4 > 0 is a constant depending on « and g. Therefore, for a fixed M > 0,

we have

sup (UZCF%gi (:uv 9) - [(:u’ 0))

(1:0):Up ™% (1,0)>M

< Sup (QU;i?gi(:uu ‘9) - j(p,7 0)) -M
(1,0):U7 % (11,0) > M

< s (UR(00) — F(u,6)) + 2wy — M
(1,0):U7 2% (1,0) > M

<2Tcqq— M.
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Therefore the above implies that,

sup (U (u,0) — f(u, )

(p,0)er
< sup (Ughgi (:ua 0) - f(,u7 9))
(MG)EK(S
v sup  (UR (1, 6) — (1, 0))
(1,0):U7 0% (1,0) > M
v (M - 6)
< sup (US(1,0) — (1, 0)) V (2Tny — M)V (M = 5).
(H:9)€K5

Hence, choosing M = 1+42T¢, , and § = M +1, the above and (3.21) imply (3.22). Letting i —
00, using convergences (3.18)-(3.19) for the slow process, and (3.20) for the fast process, (3.22)

becomes

sup (Up?(p,0) = 1(p,0)) = 0. (3.23)

(n,0)eKs
Since the functions Uz"? (defined in (3.5)), ¢ > 1, are continuous on I' and since for all

o >0

lim sup |Uz"%(u,0) — Uz (p,0)] — 0
100 (M,G)EK(;/

as i — 00, it follows that, for all ' > 0, U7“ (defined in (3.16)) is continuous on Ky . Hence,
using the compactness of the level sets of I, we see that the supremum in (3.23) is attained.

This completes the proof of the theorem. n

3.5.2 Characterisation of I for regular elements

We now prove the main result of this section, namely I(u,6) = I*(p,6) for all (u,0) €
D([0,T], M1(X)) x D4(]0,T], M(Y)) that satisfy certain regularity properties.

Theorem 3.8. Let v € My (X) and let T : D([0,T], M(X)) x D+([0,T], M(Y)) = [0, +oc]
be a subsequential rate function such that I(j,0) = +o00 unless pg = v. Suppose that (/l,é) €
D([0,T), M1(X)) x D+([0,T], M(Y)) is such that

e inf,cpom mingcx fie(z) > 0,
e the mapping [0,T] > t — fiy € M1(X) is Lipschitz continuous,
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e 0, when viewed as a measure on [0,T] x Y, admits the representation 0(dydt) = 1, (dy)dt
for some m, € My (Y) for almost all t € [0,T], and inf,co ) mingey 17 (y) > 0.
Then I(j1,0) = I*(1,6).

Proof. Let 6 = inf;~omingex fi;(x). For each t € [0, T], consider the parametrised optimisation

problems

sup {(at, i — A% ) — / T(Dat(x,A)))\MerA(u,mt)u(d:v)}, (3.24)

atERX XXgX

u € My(&X) is such that u(z) > §/2 for all z € X, and

mg%{—é(umxw+éfwm%mewammw} (3.25)

u € My(&X). Note that the mappings
> (s for — K t) — / H(Da(, A)) A san (11, 70 )u(d), (3.26)
XX(‘:X

where u is such that u(x) > §/2 for all x € X', and since inf,cpo 7y minyey My (y) > 0, viewing g

as an element of RY,

o= [ (L) + [ 7Dt D) psast) ) sl (327
Yy Ey

are concave on RY and RY respectively. Therefore, we see that there exist an &;(u) € RY and
a g;(u) € RY that solve (3.24) and (3.25) respectively. Guided by (3.12) and (3.13), d;(u) and
g+(u) satisfy the first order optimality conditions

jie(x) = (A} ) ()
tu(z) Y (exp{di(u)(a’) = d(u)(@)} = D)Ap e (u, 1)

' eX:
(z,2")eEx

- Z u(zo) (exp{ay(u)(z) — é(u)(20)} — 1) Apg.o(u, my) =0, Vo € X, (3.28)

ToEX:
(zo,x)EEX
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where ¢t € [0,7] and u € M;(X) is such that u(x) > §/2 for all z € X, and

u(y) Y exp{duuy) — dulu, y) ()
y'ey:
(yv')€EEY

- Z mt(yo) eXp{Qlﬁ(“ﬁ y) - gt(uv ?JO)}'Yyo,y(U) = O’ Vy € y’ (3'29)

(yoy?ye))é:gy
where t € [0,7] and u € M;(X), respectively.

We now define bounded measurable functions & : [0,7] x M;(X) — RY and g : [0,T] x
M;(X) x Y — R that are continuous on M;(X) such that &(u) (resp. g(u)) solves the
optimisation problem in (3.24) (resp. (3.25)). Note that the objective function in (3.25) is
uniquely determined by {g(t,v") — g(t,v), (y,v') € &y}, and by assumption (C1), the ob-
jective function in (3.24) is uniquely determined by {au(2') — au(x), (z,2") € Ex}. Since
infycpory mingey fie(x) > 0, the mapping ¢ — fi; is Lipschitz continuous, and the transition
rates of the slow process are bounded (which is a consequence of assumption (C2)), we see
that we can restrict the supremum over oy in (3.24) to a single compact and convex subset
of RY, regardless of t € [0,7] and u € M;(X) with u(z) > §/2 for all z € X. Similarly,
since inf;c(o 7 mingyey My (y) > 0 and the transition rates of the fast process are bounded (which
follows from assumption (D2)), we see that we can restrict the supremum in (3.25) to a single
compact and convex subset of RY, regardless of ¢ € [0, 7] and u € M;(X). Also, note that the
mappings (3.24) and (3.25), when viewed as

{ou(2') — au(w), (w,2) € Ex}

o e = Ka) = [ r(Dau(e, M) Assras (s iu(do)
XX(C,‘X
and,

{9:(¥) — a:(y y') € &y}
- - /(wt R CTURS SN) EC
are strictly concave on R®* and R respectively; hence there exists a unique {d;(u)(z') —
Gi(u)(x), (x,2") € Ex} and a unique {G:(u,y')— gt (u, y), (y,y') € Ey} that solve (3.24) and (3.25)

respectively. Fixing &;(u)(zo) = 0 for some xy € X, where t € [0,7] and u € M;(X) with
u(z) > 0/2 for all z € X, fixing ¢:(u, yo) = 0 for some yo € YV, where t € [0,7] and u € M;(X),
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defining & (u)(x) = 0Vx € X whenever u € M;(X) is such that u(z) < 6/4 for some x € X,
and defining &(u) whenever u is such that u(z) € [0/4,5/2] for some z € X using a linear
interpolation, we obtain bounded functions & : [0, 7] x M;(X) — RY and g : [0, T] x M;(X) x
Y — R. By a measurable selection theorem (see, for example, Ekeland and Temam [33,
Theorem 1.2, page 236]), it follows that the mappings [0, 7] x M1(X) > (t,u) — & (u) € RY
and [0,7] x My(X) x Y > (t,u,y) — g:(u,y) € R are measurable. By the Berge’s maximum
theorem (see, for example, Sundaram [82, Theorem 9.17, page 237]) it follows that the functions
& and ¢ are continuous on M (X).

Since & and § satisfy the assumptions of Theorem 3.7, there exists (f1,0) € I' that attains

the supremum in (3.17) with & and ¢ in place of o and g, respectively. That is,
U (j1,0) = 1(7,0).

On the other hand, by (3.8) and the above,

(1, 0) > Up? (1, 0) = (71, 0),
and since I(fi,0) > I*(ji,), we have that
Uy (1, 0) = I"(f1,0) = (i1, ). (3.30)

Note that fig = v since I(ji,0) < +00. We now proceed to show that 7, = i, for almost
all t € [0,7] and ji = fi. This would establish I(fi,0) = I*(ji, ).
By (3.30), we have

mu(y) Y exp{de(iny) — i, v) g ()
y'ey:
(y.y')€Ey

- Z mt(?JO) eXp{gt(ﬂmy) - flt(ﬂta yo)}%o,y(ﬁt) =0, Yy e, (3-31)

YoEY:
(yo,y)€€Y

for almost all ¢ € [0,7]. By assumption (D2), the Markov process on ) with transition rates
exp{Ge(fie, ¥') — 9 (fur, ¥) }vyr (fe), (y,y') € Ey, possesses a unique invariant probability measure;
comparing (3.29) with u = fi; and (3.31), we get
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for almost all ¢ € [0, 7.

On one hand, by using the first order optimality condition in (3.28) with u = fi;, and the

just established fact that m; = i, for almost all ¢ € [0, 7], we get

fu(x) = (8, 5 i) ()
+ () > (exp{a(iu) (@) — dulfi) (@)} — 1) A (fue, 1i20)

' eX:
(:v,m’)ESX

— Y u(wo)(exp{an(u) (x) — dulu)(x0)} — DAsgalftr, ) =0, Va € X,
(zﬁ?ze)/géx

for almost all ¢ € [0,T]. On the other hand, by (3.30), we get
fu(@) = (A}, i) (2)
+in(r) Y (exp{an(n) (2) = (i) ()} = D Aer (i, )

T’ eX:
(z,x')EEX
- Z fur (o) (exp{an () () — au(fir) (20)} = 1) Aug a(fie, ) = 0, YV € X,

ToEX:
(zo,z)EEX

(3.33)

(3.34)

for almost all ¢ € [0,7]. Note that, by the optimality condition (3.28) and by (3.32), the

mapping

U ((AZ,M)(%) tue) Y (expla(u)(a’) = do(u)(2)} = 1)Aeu (u,my)

' eX:
(z,2")EEX

— Z u(zo) (exp{as(u)(z) — @r(u)(20)} — 1) Agy.e(u, M), © € X) € RY

ToEX:
(zo,x)EEX

on {u € My(X) :u(z) > §/2Vx € X} is identically equal to fi; for almost all ¢ € [0, T]. Hence,
by (3.33) and (3.34), and noting that g = fip = v, Gronwall inequality implies that i, = [

for all t € [0, 7.

~

We have thus shown that (ji,0) = (fi,0), and the second equality in (3.30) implies that

~ A~ A

I(i1,0) = I*(f1,0). This completes the proof of the theorem.
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Figure 3.1: Figure depicting the idea of construction of i’ in the proof of Lemma 3.3.

3.6 Approximating the subsequential rate function

Let I : D([0,T], My (X)) x Dy([0,T], M(Y)) — [0, +00] be a subsequential rate function for
the family {(uV,0"Y), N > 1}, and suppose that, for some v € M;(X), I(p,0) = +00 unless
o = v. In this section, we show that I(y,0) = I*(i,0) for all (u,60) € D([0,T], M (X)) x
D4 ([0, T], M(Y)). We shall proceed through a sequence of lemmas. In each lemma, we shall ex-
tend the conclusion I(p, 6) = I* (11, 8) to a larger class of elements (y, #) by producing a sequence
(14,0 such that I(u,0") = I*(p',0%) for all i > 1, (i,0") — (1,0) in D(]0,T], M1(X)) x
D([0, T, M(Y)) as i — oo, and I*(p*,0") — I*(u,0) as i — oco. Using these approximations,
we finally show that I(u,6) = I*(u, ) for all (u, ) € D(]0,T], My (X)) x D+([0, T], M(Y)) (see
Theorem 3.9).

We start with an extension of the conclusion of Theorem 3.8 to all initial conditions v.

Lemma 3.3. Let v € M (X) and let I : D([0,T], M1 (X)) x D+([0,T], M(Y)) — [0, +00] be
a subsequential rate function such that I(j,0) = +oo unless py = v. Suppose that (fi,0) €
D([0,T], M1(X)) x D+(]0,T], M(Y)) is such that

A

o I"(ji,0) < +00,

infyc (5, mingex fe(x) > 0 for all § > 0,

the mapping [0, T] > t — 1 € My(X) is Lipschitz continuous,

0, when viewed as a measure on [0,T] x Y, admits the representation 0(dydt) = 1, (dy)dt
for some 1y € My(Y) for almost all t € [0,T], and inficjo ) mingey 1y (y) > 0.

N

Then I(j1,0) = I*(,6).

94



Proof. We begin with some notations. Let Xy = {z € X : jio(x) = 0}. For each z € A}, let
{#F,1 < k < l(z)} be such that fig(xf) > 1/|A| (in particular, z{ ¢ Ap), (2F,2F,,) € Ex
for all 1 < k < l(z) — 1, and (z,),2) € Ex, ie., the collection of edges {(z,z},1),1 <
k < l(z) — 1} U (2, x) form a directed path of length I(z) from zf to z. Also, for the
given v € My(X), let u(v,0) € D(]0,00), M;(X)) denote the unique solution to the ODE
[y = /_\tht (1 with initial condition pg = v.

A

For each i > 1, we define a path ' € D([0,T], M;(X)) as follows. Define i = p(fig, 0)
for t € [0,77] where 7' = inf{t > 0 : p(fio,0)(x) = funsi(x)/2 for some x € Xp}. Note that
7' < +o0 for i sufficiently large. Also note that fi’,(x) > 0 for all z € X, and that the
supremum over «; in the definition of I*(/i’, §) (see (3.8)) is attained at oy, = 0 for all ¢ € [0, 77].
Let &;(z) = fui(x) — fit.(x) for € X and @ > 1. Since the mapping t — f, is Lipschitz
continuous, we see that 7° — 0 as i — oo, and g;(z) — 0 as i — oo for all z € X. For each
€ Xy =XoN{x € X :e;i(x) >0}, we shall now move the mass e;(z) from the vertex 2% to x
via the edges defined in the previous paragraph using a piecewise constant velocity path. Denote
the elements of Xy by 1,2 . .. @5, let {(xo) = 0 and &;(z) = 0. Givenr € {0,1,..., | Xy -1},
s€{0,1,... . Uxps1)—1},and t € [T+ D00 U xm)ei(wm) + 58 (X)), T+ D0 o Uxm)ei(Tm) +
(s + 1)gi(xp11)), define

. o Tr4l
-1 ifx=a]
A — 3 _ o Trtl
fiy(x) = 1 it v =2
0 otherwise,
i.e., we transport a mass of €;(x,41) at unit rate from the node /1" to z}" during the above

time interval. Note that we have jii(z) = fi;(z) for all z € X, at time t = Ti+zlyfi‘1 Hzm)ei(Tm).

Similarly, for z € X\ X, with gi(z) > 0, one defines a sequence of edges from a suitable
2’ € X\ X, (possibly from multiple 2/ € X \ X;) with £;(z') < 0 and moves the mass £;(z) to
x through similar piecewise constant velocity trajectories defined above. For each x € X\ X,
with e;(x) < 0, we similarly move the mass &;(z) from z to suitable vertices in X \ X, via
piecewise constant velocity trajectories. At the end of this procedure, we have fit, = fi1/; for
some 7' > 7'. We now define fij = ji;41/;—3 for all t € [7%,T] (see Figure 3.1 for a pictorial
representation of fi*). Since g;(x) — 0 as i — oo for all z € X, we have that 7¢ — 0 as i — oo.
Also, for each ¢ > 1 and t € [0, 7], define the probability measure 7! on ) by

e (y) if t € 0, 7],
my(y) =9 1m.(y) if t € [, 77],
Mypryiozi(y)  if € (7,7

Y
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for all y € Y, and define the measure 6% on [0,7] x Y by @i(dydt) = mi(dy)dt. Clearly,
" € Dy([0,T), M()).

Thanks to the fact that g’,(z) > 0 for all z € X and the fact that oy = 0 attains the
supremum in the definition of I*(ji',#%) for all ¢ € [0,77], using arguments similar to those
used in the proof of Theorem 3.8, one can now construct a bounded measurable function
a' [0, T] x My(X) — RY such that ai(ii) attains the supremum over ay in the definition
of I*(fi,0%) (in (3.8)) and @&‘(-) is continuous on M, (X) for all ¢ € [0,T]. Similarly, since
6 satisfies the conditions of Theorem 3.8, one can construct a bounded measurable function
G" [0, T) x My (X) xY — R such that gi(ji}, ) attains the supremum over g, in the definition of
I*(fi', 6%) and §i(-) is continuous on M, (X) for each t € [0,T]. Hence, using arguments similar
to those used in the proof of Theorem 3.8, one concludes that I(if,0") = I*(i,0%) for all i > 1.

Let us now show that I*(fi', §") — I*(j1,0) as i — co. For the fast component, since 7 — 0,
we see that 67 — 6 in D4+([0,T], M(Y)) as i — oco. By assumption (D2), we see that

0< sup { sup —/(Lﬂggt(')(y)
i>1,t€[0,7] \ g:€RY Y

+ /g ! 7(Dg:(y, A))vy,ymA(ﬂi))mj;(dy)} < +00,

and hence the bounded convergence theorem immediately yields

/{w sup {—/y (Lﬂggt(.)(y)Jr/ 7(Dg.(y, A))yywﬂ(g;’)) m;‘;(dy)}dt—>0

gt€B(Y) &y

and

[ s { [ (a0t [ Dot A)as(@) ) it i 0
r1/i—si1) geB) L Sy &

as i — oo. Noting that m) = My 1+ and f = fi41/-+ for all t € [7,T], the above

convergences imply that

LT} gtg%){—/y <Ln;‘gt(.)(y)+/gy T(Dgt(y,A))'yy’y_’_dA(ﬂi)) mi(dy)}dt
— - gtilél()y){—/y (Lgtgt(.)(y)Jr/gy T(Dgt(y,A))fyy’y+dA(ﬂt)> mt(dy)}dt

as ¢ — 00.

For the slow component, since 7 — 0 as i — 00, using the absolute continuity of the
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mapping t — fi; and the definition of the paths /i*, it follows from the dominated convergence
theorem that fii — fi; as i — oo uniformly in ¢ € [0, 7] and hence we have that i — f in
D([0,T], M1(X)) as i — oco. Let us first show that

[ s L= Rty — [ r(Daute A vas o) b
[O,f'i} at€ERY X xEx

converges to 0 as ¢ — oo. Towards this, let ¢ € [7" + >0 _ l(zm)ei(@n) + sei(zq1), 70 +
S ol (@m)ei () +(5+1)gi(2,41)) where r € {0,1,...,[X|—1}, and s € {0,1,...,1(z,41)—1}.

Note that, we have

sup { (et = Ky gil) = [ D000 A Asas i )}
X X X

at GRX

< sup ((Oét(a?ffél) — on(2 1)) — (exp{on(ay') — on(@ )} — 1)

atERX
Rz o (b))
- inf > (exp{aw(z’) — ap(a)} — VAo (g, 1) it ()
e (z,x")EEX:
(2,2 )@ T et hh)
<log ——— +a
Cﬂ%@;fll)

where ¢ = ming, ;eg, Minyey Mingeaq, (x) Aer (§,¥) and ¢; > 0 is a suitable constant to bound

the extra additive terms. Hence, using a variable change u = cfif(37}"), we see that

[ s {tawit = gty = [ 7Dt A Ansas il i) fa
X X X

OétERX
1 efil, (xs 1)
< —Z(ulogu —u)| 25 4 erei(x,ay
) C( g )|c,u/§1(xsi#1»l) Z( ’I’+)

=o(1)

asi — oo, where t; = 74> " l(xm)ei(Xm)+s€i(@r41), t2 = t1+ei(x,41) and the above integral
is evaluated over the time interval [7°+ " _ 1(m)ei(Xm) + s€i(@ri1), T4+ D0 o U Tm)ei(zm) +
(s + 1)e;(z,41)). Hence, repeating the above calculation for each constant velocity section of

the path ' during the time interval [77, 7], we see that

/ sup {(at,ﬁi—/_\* mifle) — / T(Dozt(:r,A))&,ﬁm(ﬂi?fni)ﬂi(dw)}dt
[0,77] XxEx

,A. at€RX
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converges to 0 as i — oo. Therefore, noting that fif = fi11/;—+ and M = 7yq)_s for

t € [, 7], and i = pu(fio, 6) on ¢ € [0,77], we have

‘/ sup { (o, e — N, i) —/ T(Dat(x,A)))\x7$+dA(ﬂt,Tht)ﬂt(dl')}dt
[0, XxEx

T) ot €RX

< s Jtowt = Byt = [ Dot AN vas )it
[0,T] o €RX XxEx

< / sup {<04t>,at - /_\Et,mtﬂﬁ —/ T(Dat(xaA))/_\x,x+dA(ﬂt>mt)ﬂt(dl“)}dt
[0,1/4] XxEx

) ot ERX

of sup { {0 = Kjie) = [ D0u{z A A G i)
T XXEX

[T+1/i—7"T] ar €ER¥

' / sup { (et = Mg gil) = [ D0u{o A Ansas ik )i )
0 XX5X

Tl] ot ERY

as i — co. We have thus shown that I*(jif,0") — I*(ji,6) as i — co.

Since (jif,0") = (f1,60) in D([0,T], M1(X)) x D+([0,T], M(Y)) as i — oo, the lower semicon-
tinuity of I implies that liminf,_., I(7if,0%) > I(ji, ). Therefore, using the above convergence
and the fact that I(ji,0%) = I* (3¢, 07) for all i > 1, we see that I(fi,0) < I*(ji,0). On the other
hand, since I(fi, ) > I*(f1,), it follows that I(71,0) = I*(ji, ). This completes the proof of the

lemma. O

Remark 3.2. We shall repeatedly use the immediately preceding argument; starting with an
element (j1,0) € D([0,T], M1(X)) x D+([0,T], M(Y)), we shall produce a sequence (fi‘,0) €
D([0,T], M1(X)) x Dy([0,T], M(Y)), @ > 1, such that I(i,6) = I*(i,6") for all i > 1,
(iF,0") = (f1,0) in D([0,T], M1(X)) x D+([0,T], M(Y)) as i — oo and I*(ji', §)) — I*(ji,0) as
i — 00, and use the above argument to conclude that (i, 0) = I*(i, ).

We now extend the conclusion of the previous lemma to all elements 6 € Dy ([0, T], M(Y)).

Lemma 3.4. Let v € My(X) and let I : D([0,T], M1(X)) x Dy([0,T], M(Y)) — [0, +00] be
a subsequential rate function such that I(pu,0) = 400 unless pg = v. Suppose that (,[L,é) €
D([0,T), M1(X)) x D+([0,T], M(Y)) is such that

o I*(1,0) < 400,
o inf,ci5 ) mingex fie(x) > 0 for all § > 0,

e the mapping [0,T] 3t — iy € My(X) is Lipschitz continuous.
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Then I(j1,0) = I*(,6).

Proof. Let 0, when viewed as a measure on [0,7] x Y, admit the representation é(dydt) =
my(dy)dt, where m; € M;(Y) for almost all ¢t € [0,7]. For each i > 1 and for each ¢ € [0, 77,
define the probability measure 1} on ) by

my(y) + 1/i

) e, (3.35)

i (y) =
and, for each i > 1, define the measure §(dydt) on [0,T] x M(Y) by Oi(dydt) = mi(dy)dt.
Clearly, 0 € Dy([0,T], M(Y)) for all i > 1, and 6 — 0 in D+([0,T], M(Y)) as i — co. Since
(i1, 0% satisfies the assumptions of Lemma 3.3, we have I(fi,0") = I*(j1, 6).

Since, for each t € [0, 7], the mapping

(96, M) HmaX{ —/y(Lﬂtgt(-)(y)Jr/ T(Dgt(y7A))’Vy,y+dA(/lt)>mt(dy)70}

&y

on (R U {+00,—00})¥Y x M;(Y) is bounded and continuous (thanks to assumption (D2)), by

an application of the Berge’s maximum theorem, it follows that the mapping

mes s - [ (£aaO0) + [ 7Dt 8 asii) )mlar)  (330)

gt€RY Ey

is continuous on M;()). Similarly, for each ¢ > 0, by assumption (C2), it follows that the
mapping

(s me) v {0, e — R} — / P(Deg(r, M) s g (e 1) ()
XXEX

is bounded and continuous on RY x M;()). Again, by the Berge’s maximum theorem,

my — sup {(ata ﬁt - /_th,mﬁ - / T(Doy(w, A)))\x,erdA(ﬂt,mt)ﬂt(dx)}

OftGRX XXEX

is continuous on M;(Y). Therefore, for each t € [0, 7], we see that

Sup {(at’ i — /_\Zt,m;) - / T(Doy(w, A))S\z,x+dA(ﬂt;mi)ﬂt(d$)}
XxEx

ot eRX

— sup {<04t7ﬁt — A5, ) —/ T(D@t(%A))Ax,HdA(ﬂt,mt)ﬂt(dx)},
XXSX

at GRX
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and
gﬁwiéﬁ%ﬂﬂw+LJQMWAWMMMMOWMw
%su,ié@@mxw+/vummA»mMMQOww

thB(y) 53}

as ¢ — oo. Noting that

0<  sup sup {(Oéu fly — /_\Zt,mi>
i>1,t€[0,T] ay €RY t

[ D0 A s i)l | < oo
XXSX

and

0 < masw{—/(%@M@
i>1,t€[0,T] g cRY v

+ /gy T(Dg:(y, A))Vy,erdA(ﬂt)) m;(dy)} < o0,

using the bounded convergence theorem, we obtain that I*(f, éz) — I*(f, é) as 1 — 0o. Thanks
to Remark 3.2, this completes the proof of the lemma. O

We now extend the conclusion of the previous lemma to the case when the mapping [0, 7] >

t — e € My(X) is not necessarily Lipschitz continuous.

Lemma 3.5. Let v € My (X) and let I : D([0,T], My (X)) x Dy([0,T], M(Y)) = [0, +oc]
be a subsequential rate function such that f(u, 0) = +oo unless g = v. Suppose that (/l,é) €

D([0, T, My(X))x D4([0, T, M(Y)) is such that I*(f1,0) < 400, and inf,c(5r mingex fu(x) > 0
for all § > 0. Then I(ji,0) = I*(ji,0).

Proof. Let us first suppose that the mapping ¢ — fi; is locally Lipschitz continuous at ¢ = 0 so
that sup,cp ||ﬂt|| < 400 for some 1 > 0. Define a sequence of paths fi’, i > 1, by i} = fiy, and

~

A= g <iy + A L g >y € € 10T

~

Since I*(j1,0) < +o0, by Lemma 3.1, it follows that the mapping t — fi; is absolutely continuous
and by the dominated convergence theorem one easily concludes that i — f; as i — oo

uniformly in ¢ € [0,7]. Thus, by the assumption inf,csr mingex fiu(z) > 0 for all 6 > 0,
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it follows that i € D([0,T], My(X)) for all i sufficiently large. Note that (ji’, ) satisfies
the conditions of Lemma 3.4 and hence I(if,0) = I*(jii,0) for all i > 1, that 4/ — j in
D([0,T], M1(X)) as i — oo, and that ji} = ji; for all ¢ € [0,7)] for all sufficiently large i.

Let us now show that I*(ii,0) — I*(ji',d) as i — co. By the arguments similar to those

used in the proof of Lemma 3.4, using Berge’s maximum theorem, for each ¢ € [0,7], the

mapping

1w%wp—l(%%%@+/¢@M%NMWMW0me

gt€B(Y) &y

is continuous on M;(X), and hence

s = [ (Lgat+ [ (D D) gyeas i) ) )
5w - f (2000 + [ D00 v (i) ) )

gtEB(y) 53}

as ¢ — 0o. Therefore, by the bounded convergence theorem, we have

/m wen {‘ /y (Lﬂz‘%(')@) -/ 7(Dad A))vy,y+dA<ﬂi>) mtuy)} i
— sup {—/y (ngt(-)(y) + /gy T(Dgt(y,A))'yy7y+dA(ﬂt)> mt(dy)} g

0,7 g:€B(Y)

as ¢ — 00.

For the slow component, define

2t= s { i = Ry

ot ERX

- [ +tbac, A))xm,mmi,mtmi(dx)}, te 0.7,
XXSX
and

Z; = sup {<at7,&t - /_\Zt7mtﬂt>

at ERX

- / T(Dat(x, A))S\.r,x—l—dA(/lt; mt)ﬂt<d$)}, t e [O,T]
XXSX

~

Since I*(f1,0) < +oc it follows that Z; < +oo for almost all t € [0,7]. Thanks to the assumption
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infyeps ) mingex fis(x) > 0 for all § > 0, using the Berge’s maximum theorem, for almost all

t € [n,T], we see that the mapping

wrs sup (o= M) = [ (Do 8D Reras o inulie) |
a€R¥ XxEx

on M (X) is continuous at ji;. Hence, noting that Z! = Z, on t € [0, 5] for all i sufficiently large,

for all t € [0,T]N{s € [0,T] : Z, < +00} we have jii = ji, for all i sufficiently large, and jii — i,

as i — oo uniformly in ¢ € [0,77, it follows that for all t € [0,7]N{s € [0,T] : Z; < +o0}

Z! — Z; as i — oo. Let us now show the convergence of the corresponding integrals. Fix

t € (0,7] such that Z; < +oo and let & € RY and &; € RY attain the supremum in the

definition of Z! and Z; respectively. Whenever ||fii|| < i, we have,

0<Zi={ap i) — Y (exp{df(a’) = aj(x)} — DA, o) i (2)

(z,2")EEX
= @i = Y (xp{di) = 6@} — D i i (x)
(z,2")EEX
— > (exp{ay(a’) — ay(@)} — 1) X (Awar (1], 1000) () = N (i, 100 f1e ()
(z,2")EEN
<Zi— Y (exp{ai(a') — i)} — 1) x e (f1y, 1100) 1y () = Agar (fie, 120 f1e ().
(z,2")EEX

(3.37)

Since jit = fi;, t € [0,n], for all large enough i, the second term above vanishes whenever
t € [0,n]. Since ji{ — fi; as i — oo uniformly in ¢ € [0, T], the first order optimality condition
for (&j(x),xz € X) (see (3.33)) implies that, for some constant ¢, > 0, we have
max exp{d;(z') — &(2)} < ep(L+ [ljal])
(z,2")EEX
whenever t € [n,T]N{s € [0,T] : Zs < +oo}. In particular, the right hand side of (3.37) is

integrable. Hence, noting that Z/ = 0 in the alternative case when ||fi|| > , by an application

of the dominated convergence theorem, we have that

/ sup{<at,m—A;g,mtﬂi>— /X ) T<Dat<x,A))xzw(ﬂi,mtmz(dw}dt
XCx

[O,T] at €ERX

102



converges to

[ s {tawie = K = [ D0l A Ansas i) b
[0,T] a eR¥ XxEx

as i — 00. Hence, combining the convergences for the slow and the fast components, we have
I*(jit,0) — I*(f1,0) as i — oo. Further, by Remark 3.2, it follows that (1, 0) = I*(ji, 0).

In the general case when the mapping ¢ — [i; is not locally Lipschitz continuous at t = 0,
using arguments similar to those used in the proof of Lemma 3.3, one constructs a sequence
7,4 > 1, and a sequence of elements (ji', 0") € D([0,T], M1(X)) x D+([0,T], M(Y)), i > 1,
such that 7 — 0 as i — 00, sup,c 4 ||| < +oo (therefore the mapping ¢ — fii is locally
Lipschitz continuous at ¢ = 0), (4*,60") — (i1,0) in D(]0,T), M1(X)) x D+([0,T], M(Y)) as
i — 00, [If = fiy41/i—s and 1 = My4q/_z for all t € [7/,T], and

/ sup { (s i — R i)
[0,#4)U[T+1/i—%"T] az €R¥

- [ Do A eas i)
X><5X

N / - {_ / (Lﬂggtc)(y)
[0,#]U[T+1/i—#4,T] g+€B(Y) Y

. y D A ras ) ) i) b

converges to 0 as i — oo (by using the small cost construction of constant velocity paths).
Based on what we have already shown for paths that are locally Lipschitz continuous at ¢ = 0,
we see that I(fii,0%) = I*(jit,0") for all i > 1. Again, using arguments similar to those used
in the proof of Lemma 3.3, we conclude that I*(ji‘,0") — I*(f1,0) as i — co. Once again, by
Remark 3.2, we have f(,&, é) = I*(q, é) This completes the proof of the lemma. H

We finally show that I(u,8) = I* (1, 0) for all (i, 6) € D([0,T], M1 (X)) x D+([0, T], M(D)),
by allowing the path p to hit the boundary of M;(X).

Theorem 3.9. Let v € M, (X) and let T : D([0,T], M(X)) x D+([0,T], M(Y)) — [0, +oc]
be a subsequential rate function such that I(j1,0) = +oo unless g = v. Then, for all (j1,0) €
D([0, T], Ma(X)) x D([0, T], M(Y)), we have I(j1,8) = I*(j1,6).

Proof. Since (A,u 0) > I*(u, 0) for all (u,0) € D(]0,T], M1 (X)) x D+([0,T], M(Y)), it suffices to

focus on a (11,0) € D([0,T], M1(X)) x D+([0,T], M(Y)) such that I*(ji,d) < 400 and jig = v.
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By Lemma 3.1, we have that the mapping [0,7] > t — i € M;(X) is absolutely continuous.
In particular, ji; exists for almost all ¢t € [0,7] and ji; = v + f[O,t] [isds for all t € [0,T7].

We shall construct a sequence of paths g € D([0,T], M1(X)), ¢ > 1, such that i’ — f in
D([0,T], M1(X)) as i — oo, I(jit,0) = I*(j1,0) for all i > 1, and I*(3¢,0) — I*(f1,0) as i — oo.

Let g;(x) = %, x € X and ¢ > 1. Using arguments similar to those used in the proof
of Lemma 3.3, we first construct a sequence of times 7*, ¢ > 1, and a sequence of piecewise
constant velocity trajectories fii, ¢ € [0,7'], with the property that i} = fip for all ¢ > 1,
it (x) = gi(x) for all z € X and i > 1, 7 — 0 as ¢ — oo, and

[ s fwwi = Nyt = [ oDt ADAseas i) b >0 339
[0 XXSX

77A"L] a;ERY
as i — 0o. We then define the path i on t € (7%, T] by

pi(x) = fles1/i—i(x) + 1/i "
! L+ [X[fi

e X.

Clearly, fii — fi; as i — oo uniformly in ¢ € [0,7] and hence i* — i in D([0,T], M;(X)) as
i — oo. Note that (fi', ) satisfies the conditions of Lemma 3.5 and hence we have I(ji,§) =
I(jit, 0) for all i > 1.

We now show that I*(if,0) — I*(j1,0) as i — co. Using arguments similar to those used in
the proof of Lemma 3.5, it is easy to show that

/{QT] gtzlé%) {—/y <Lﬂigt(-)(y) + /8y T(Dgt(y,A))yy’erdA(/jLi)) mt(dy)} dt
— sup {—/y (Lﬂtgt(-)(y>+/ (Do (y, A))%j,ywa(ﬂt)) mt(dy)}dt (3.39)

[0,T] gt€B(Y) Ey

as ¢ — 00.

To show convergence of the integral corresponding to the slow process, define

Zj = sup {(ataﬂi—l/i—&—%i - A: .7mtﬂi—1/i+i—i>

i €RX t—1/i+71

- / T(Day(, D) Ag,zan (/:Lzz;—l/i+€—i7 mt)ﬂzitq/w%i (dz) }7
XXSX
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te[1/i,T+1/i— 7], and

Z; = sup {<O‘t7,&t - /_\Zt,mtﬂt>

atERX
—/ T(Dat(x,A))S\%IHA(/@,mt)ﬂt(dx)}, te0,7].
XXSX
Note the shift in the time index in the definition of Z! to enable direct comparison between 7,
and Z!. For t € [1/i,T], we then have

. 1 .
A — 7
N af2§X{<O‘““t>

= > (ep{a(e’) = aul@)} = DA (Ao 0) () + 1/ i)}-

(z,z’)e€x

The objective function above can be simplified as

(e i) = Y (explan(e’) — aul@)} = DAuar (B0 00) (e (2) + 1/1)

(z,x")e€Ex
= (%;ﬁt) - Z (exp{au(a) — au(x)} — 1)Agar (fis, 1700 f1e ()
(z,2")e€EX
— > (expfau() — )} — 1) {(Xm, (Fif 1 pgp ) = A (e, 1700) ) ()
(z,2")EEN
n Azt (ﬂi—l‘/i—l-i—i 11) }
1
< o, fir) — (exp{as(z) — (@)} — 1) Ny o (fi, 1100) fir ()
(z,2")EEX
criy(x c cp, +C
- Y efade) - adob( - P ) e (219
(z,2")eEX

here c = min(x,x’)eX minyey min£€M1(X) )\x,:c’ (67 y)a C = maXxg zex MaxXycy MaXec My (X) >\x,x’ (57 y),
€L = MaX(yzyes, Maxycy ¢ Y where ¢* ¥ is the Lipschitz constant of A, ./ (-, y), (z,2') €
Ex,y € Y, and the last inequality is a consequence of assumption (C2). Fixt € [1/i, T+1/i—7]
with Z; < 400 and let (ai(x),r € X) € RY denote the optimiser in the definition of Z{. Then
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the above computation gives us

i L )i A A 3 N
Zi s 1+ 1X|/i (Gt ) — (exp{&; (') — ay(w)} — 1) Ngar (fe, 1i00) fie ()
(z,2")e€x
—1 i A cpf(z) ¢ cr, +C
T X eelall) - aitan (- A 4 ) ey (2
(z,2')€€
1
<7
14 x|t
—1 Ad ~j crit (35) c cr, +C
T D elall) - ait (- A 1 ) ey (4
(:E,:B’)EEX

If j(x) < ¢/cp, for some x € X, we see that all the terms in the summation corresponding to
the edges (x,2') € Ex are negative. On the other hand, if fi;(z) > ¢/cr, noting that 7* — 0
as ¢ — oo and the convergence of fii to fi; as i — oo uniformly in ¢ € [0,7], the first order

optimality condition for (&}(z),x € X) implies that, for some constant ¢, > 0,

max  exp{al(z)) — &(x)} < a1+ ||ie]),
' eX:(z,x)EEX

and hence for all t € [1/i,T + 1/i — 7'] with Z; < +o00, we obtain that

QS i .
2 < Ty 2+ cal€al (U il + (en + O

Hence by the dominated convergence theorem, we see that

/[ sup {<at,ﬁi = R )
0

7T] ot ERYX

— / T(DO[t(ZL', A))S\m,m+dA<ﬂi7 Tht)/li(dx)} X 1{t2$z}dt
XXSX

converges to

/ sup {<atu ﬁt - A;t,mt/lﬁ - / T(Dat(% A»;‘z,x—i-dA(ﬂta mt)ﬂt(dx)}dt

[O,T] at €ERX XxEx

as i — oo. This along with the convergences (3.38) and (3.39) implies that I*(i¢,0) — I*(fi, )
as ¢ — 0o. The procedure of Remark 3.2 then completes the proof of the theorem. O
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3.7 Completing the Proof of Theorem 3.1

We finally complete the proof of Theorem 3.1 by extending the conclusion of Theorem 3.9 to
all subsequential rate functions I, i.e. we remove the restriction that, for some v € M;(X),

I(u,0) = 400 unless py = v.

Proof of Theorem 3.1. Fix v € M;(X) and suppose that {u", N > 1} is such that

lim supy_, . 2 log P(|ju™(0) — v| > €) = —oo for each ¢ > 0. By Theorem 3.4, the family
{(u,0N), N > 1} is exponentially tight in D([0,T], M;(X)) x D+([0,T], M(Y)). Therefore,
there exists a subsequence { Ny, k > 1} of N such that {(u™V*, 0) k > 1} satisfies the LDP
with rate function I (see, for example, Dembo and Zeitouni [29, Lemma 4.1.23]); by the above
condition on the family {4} and by the contraction principle, we see that I(u,8) = 400 unless
pio = v. Therefore, by Theorem 3.9, I = I* on D([0,T], M1 (X)) x D+([0, T], M(Y)). Hence I is
uniquely determined for all such subsequences, and it follows that the family {(u",0"), N > 1}
satisfies the LDP with rate function I* (see, for example, Dembo and Zeitouni [29, Exer-
cise 4.4.15 (b)]) defined as follows: I*(u, @) is defined by (3.7) whenever p is such that p(0) = v,
and I*(u,0) = +oo otherwise.

In the general case when {u”~ (0)} satisfies the LDP on M (X) with rate function I, let p%)
denote the regular conditional distribution of (1, 6%) on D([0, T], M1(X)) x D+([0, T}, M(Y))
given uN(0) = vV € MY (X). By the above argument, whenever vV — v in M;(X),
p(jx) satisfies the LDP on D([0,T], M1(X)) x D4+([0,T], M(Y)) with rate function I*(u,6) +
001y,(0)£v}- Therefore, the family {(p,0"), N > 1} satisfies the LDP on D([0,T], M;(X)) x
D4([0,T], M(Y)) with rate function Io(1(0)) + I*(u, 0) (see, for example, Chaganty [24]). This
completes the proof of Theorem 3.1. O
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Chapter 4

Large Deviations of the Invariant

Measure of Countable-State
Mean-Field Models

4.1 The setting and main results

4.1.1 Introduction

For a broad class of Markov processes such as small-noise diffusions, finite-state mean-field
models, simple exclusion processes, etc., it is well-known that the Freidlin-Wentzell quasipo-
tential is the rate function that governs the large deviation principle (LDP) for the family of
invariant measures [37, 80, 15, 35]. The quasipotential is the minimum cost (arising from the
rate function for a process-level large deviation principle) associated with trajectories of ar-
bitrary but finite duration, with fixed initial and terminal conditions. We begin this chapter
with two counterexamples of independently evolving countable-state particle systems for which
the quasipotential is not the rate function for the family of invariant measures. The family of
invariant measures of these counterexamples satisfy the LDP with a suitable relative entropy as
its rate function, and we show that the quasipotential is not the same as this relative entropy.
Specifically, we show that there are points in the state space where the rate function is finite,
but the quasipotential is infinite. These points cannot be reached easily via trajectories of
arbitrary but finite time duration. However the barriers to reach these points are surmounted
in the stationary regime. There are however some sufficient conditions, at least on a family of
such countable-state interacting particle systems, where the Freidlin-Wentzell quasipotential is

indeed the correct rate function; this will be the main result of this chapter. Intuitively, the

108



sufficient conditions cut-down the speed of outward excursions and ensure that the insurmount-
able barriers for the finite horizon trajectories continue to be insurmountable in the stationary
regime.

Before we describe the counterexamples and the main result, let us introduce some notations
and describe the model of a countable-state mean-field interacting particle system. Let Z denote
the set of non-negative integers and let (2, £) denote a directed graph on Z. Let M;(Z) denote
the space of probability measures on Z equipped with the total variation metric. For each
N > 1, let MY¥(Z) € M;(Z) denote the set of probability measures on Z that can arise as
empirical measures of N-particle configurations on ZV. For each N > 1, we consider a Markov
process with the infinitesimal generator acting on functions f on MY (Z2):

2950 = Y Ne© | (64 % - F) - 0] cenm@i @
(z,2/)e€

here A\, : M1(Z) — Ry, (2,7') € &, are given functions that describe the transition rates
and ¢ denotes the Dirac measure. Such processes arise as the empirical measure of weakly
interacting Markovian mean-field particle systems where the evolution of the state of a particle
depends on the states of the other particles only through the empirical measure of the states of
all the particles. Under suitable assumptions on the model, the martingale problem for £V is
well posed and the associated Markov process possesses a unique invariant probability measure
©V. This chapter highlights certain nuances associated with the large deviation principle for
the sequence {p", N > 1} on M,(Z2).

Fix T > 0 and let y;) denote the Markov process with initial condition vy € M{(Z) whose
infinitesimal generator is .ZV. Its sample paths are elements of D([0, 7], MY (Z)), the space of
MY (Z)-valued functions on [0, T that are right-continuous with left limits equipped with the
Skorohod topology. Such processes have been well studied in the past. Under mild conditions
on the transition rates, when vy — v in M;(Z) as N — oo, it is well-known that the family
{ul . N > 1} converges in probability, in D([0,T], M(Z)), as N — oo to the mean-field limit":

i) = A 1(0), 1(0) = v, £ € 0,T]; (42)

here A¢, £ € M;(Z2), denotes the rate matrix® when the empirical measure is £, and fi(t) denotes
the derivative of p at time t. The above dynamical system on M;(Z) is called the McKean-

1See McKean [59] in the context of interacting diffusions and Bordenave et al. [14] in the context of countable-
state mean-field models.

ZFor a £ € M1(Z2), Ae(z,2") = A, (§) when (2,2) € &, Ag(2,2') = 0 when (z,2) ¢ &, Ae(z,2) =
=2 s Az, (€), and Af denotes the transpose of Ag.
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Figure 4.1: Transition rates of an M/M/1 queue.

Vlasov equation. This mean-field convergence allows one to view the process /LZJ,VN as a small
random perturbation of the dynamical system (4.2). The starting point of our study of the
asymptotics of {p™, N > 1} is the process-level LDP for {4, ,vy € M{(Z),N > 1}, whenever
vy converges to v in M;(Z). This LDP was established by Léonard [55] when the initial
conditions are fixed, and by Borkar and Sundaresan [15] when the initial conditions converge!
in M;(Z). The rate function of this LDP is governed by “costs” associated with trajectories on
[0, 7] with initial condition v, which we denote by Sjo.r1(¢|v), ¢ € D([0,T], M1(Z)) (see (4.5)
for its definition).

We assume that £* is the unique globally asymptotically stable equilibrium of (4.2). Define
the Freidlin-Wentzell quasipotential

V(€)= nf{Sp1(0l€7) : 0(0) = £, o(T) = §,T > 0}, £ € My(2). (4.3)

From the theory of large deviations of the invariant measure of Markov processes [37, 80, 23, 15],

V is a natural candidate for the rate function of the family {", N > 1}.

4.1.2 Two counterexamples

We begin with two counterexamples for which V' is not the rate function for the family of
invariant measures.

4.1.2.1 Non-interacting M/M/1 queues

Consider the graph (Z,&p) whose edge set &g consists of forward edges {(z,2 + 1),z € Z}
and backward edges {(z,2z — 1),z € Z\ {0}} (see Figure 4.1). Let A\; and X, be two positive

LOften, as done in [15], one lets vy be random, and only requires vy — v in distribution, where v is
deterministic. For simplicity, we restrict vy to be deterministic.
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numbers. Consider the generator L? acting on functions f on Z by

LOf(2) = > Xu(f(2) = f(2), 2 € Z,

z':(z,2")e€g

where A, .41 = Ay for each z € Z and A, .1 = A\, for each z € Z\ {0}. When A\; < X, the

invariant probability measure associated with this Markov process is

. A ()
§o(2) = <1—)\—Z> ()\—’;) , 2 € Z.

For each N > 1, we consider N particles, each of which evolves independently as a Markov
process on Z with the infinitesimal generator L?. That is, the particles are independent
M/M/1 queues. It is easy to check that the empirical measure of the system of particles is also
a Markov process on the state space MY (Z) and it possesses a unique invariant probability
measure, which we denote by pg .

On one hand, it is straightforward to see that the family {pg, N > 1} satisfies the LDP
on M;(Z). Indeed, under stationarity, the state of each particle is distributed as £5. As a
consequence, pg is the law of the random variable SV 6, on My(Z), where (..., (n
are independent and identically distributed (i.i.d.) as &. Therefore, by Sanov’s theorem [29,
Theorem 6.2.10], {py, N > 1} satisfies the LDP with the rate function I(-||&), where I :
M1 (Z) x M(Z) — [0, 00] is the relative entropy defined by!

¢(2) :
z)log | —= |, if v,
el ;C() g(y(z)) (<

0, otherwise.

(4.4)

On the other hand, it is natural to conjecture that the rate function for the family {pf, N > 1}
is given by the quasipotential (4.3) with §* replaced by £f. However, as discussed in the next
paragraph, the quasipotential is not the same as I(-[|§7)). Hence, from the uniqueness of the
large deviations rate function [29, Lemma 4.1.4], the quasipotential does not govern the rate
function for the family {pg, N > 1}.

We now provide some intuition on why the quasipotential is not the rate function in the
example under consideration. For a formal proof, see Section 4.8. Let ¥(z) = zlogz, and let
1(2) = 2, z € Z. Using the fact that £, has geometric decay, it can be checked that I(£||¢7)) is
finite if and only if the first moment of £ (denoted by (£, ¢)) is finite. However it turns out that

'We use the convention 0log0 = 0.
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V(&) (i.e., the quantity in (4.3) with £* replaced by £f) is finite if and only if the ¥-moment of
¢ (denoted by (£, 1)) is finite. In particular, if we consider a £ € M;(Z) whose first moment is
finite but ¥-moment is infinite then V' (£) # 1(£[|£5). Let e > 0, £ € My (Z) be such that (£,1) <
oo but (£,9) = 0o, and consider the e-neighbourhood of £ in M;(Z). By Sanov’s theorem, the
probability of this neighbourhood under g is of the form exp{—N(I(£||&5) 4+ o(1))}. For a
fixed T" > 0, let us now try to estimate the probability of ,u]VVN (T") being in this neighbourhood
when vy is in a small neighbourhood of & If the process p is initiated at a vy near o, then

the probability that the random variable p (T') is in the e-neighbourhood of ¢ is at most

expi —N inf %4 '+01)}.
p{ ({i’tdist(éi’)SE} (5) ( )

Since V' is lower semicontinuous (we prove this in Lemma 4.7), we must have

inf V() = ocase—0.
{€:dist(£,§7)<e}

Hence we can choose an ¢ small enough so that infer.qise(een<ey V(') > 21(£]|€5). For this e,
the probability that z) (T) lies is the e-neighbourhood of ¢ is upper bounded by exp{—N x
(21(£l|€5) + o(1))}, which is smaller than exp{—N(I(£||£5) + o(1))}, even in the exponential
scale, for large enough N. That is, for any arbitrary but fixed T, we can find a small neigh-
bourhood of ¢ such that the probability that )} (7)) lies in that neighbourhood is smaller than
what we expect to see in the stationary regime. In other words, there are some barriers in
M;(Z) that cannot be surmounted in any finite time, yet these barriers can be crossed in the
stationary regime. These barriers indicate that, to obtain the correct stationary regime prob-
ability of a small neighbourhood of £ using the dynamics of ,u]VVN, one should wait longer than
any fixed time horizon. That is, one should consider the random variable p) (T'(N)), where
T(N) is a suitable function of N, and estimate the probability that u)) (T'(N)) belongs to a
small neighbourhood of £&. However it is not straightforward to obtain such estimates from the
process-level large deviation estimates of ,uf,VN since the latter are usually available for a fixed
time duration.

There are natural barriers in the context of finite-state mean-field models when the lim-
iting dynamical system has multiple (but finitely many) stable equilibria (see Section 2.3 in
Chapter 2). In such situations, passages from a neighbourhood of one equilibrium to a neigh-
bourhood of another take place over time durations of the form exp{N x O(1)} where N is the

number of particles!. Interestingly, these barriers can be surmounted using trajectories of finite

1O(1) refers to a bounded sequence, and w(1) refers to a sequence that goes to oo.
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Figure 4.2: Transition rates of a wireless node.

time durations; i.e., for any fixed T', the probability that the empirical measure process reaches
a neighbourhood of an equilibrium at time 7" when it is initiated in a small neighbourhood
of another equilibrium is of the form exp{—N x O(1)}. In contrast, in the case of the above
counterexample, the barriers cannot be surmounted in finite time durations; for any fixed T,
the probability that p’¥(T) reaches a small neighbourhood of a point in M;(Z) with finite
first moment but infinite J-moment when it is initiated from a neighbourhood of & is of the
form exp{—N x w(1)}. Hence we anticipate that the barriers that we encounter in the above
counterexample are somehow more difficult to surmount than those that arise in the case of

finite-state mean-field models with multiple stable equilibria.

4.1.2.2 Non-interacting nodes in a wireless network

We provide another counterexample where the issue is similar. Consider the graph (Z,&y)
whose edge set &y consists of forward edges {(z,z+1),z € Z} and backward edges {(z,0),z €
Z \ {0}} (see Figure 4.2). Let A\; and ), be positive numbers. Consider the generator L"

acting on functions f on Z by
Lfz)= Y, X)) = f(2),2 € Z,

z':(z,2")eEw

where A, .41 = Ay for each z € Z and A, o = A\, for each z € Z\ {0}. The invariant probability

measure associated with this Markov process is

b )\f i
* = Z.
SW(Z) )\f-i-)\b ()\f—f—)\b) » 2 €

Similar to the previous example, for each N > 1, we consider N particles, each of which
evolves independently as a Markov process on Z with the infinitesimal generator LY. It is
easy to check that the empirical measure of the system of particles possesses a unique invariant
probability measure, which we denote by pf,. Under stationarity, the state of each particle
is distributed as &;;. As a consequence, @i}, is the law of the random variable % ZnNzl d¢, on

n

M, (Z), where (y,...,(x are iid. &. Hence, by Sanov’s theorem, the family {p,, N > 1}
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satisfies the LDP with the rate function I(-||&};,). As we show in Section 4.8, in this example
too, the quasipotential (4.3) with £* replaced by &y, is not the same as I(-[|&,). As in the
previous example, there are points { where V(£) = oo but I([|{) < oo, points £ that have a
finite first moment but infinite ¥-moment. Once again, the quasipotential does not govern the

rate function for the family {p},, N > 1},

4.1.3 Assumptions and main result

We now provide some assumptions on the model of countable-state mean-field interacting par-
ticle systems that ensure that the barriers in M;(Z) that are insurmountable using trajectories
of arbitrary but finite time duration remain insurmountable in the stationary regime as well.
Under these assumptions, we prove the main result of this chapter, i.e., the sequence of invariant
measures {p”", N > 1} satisfies the LDP with rate function V.

4.1.3.1 Assumptions

Our first set of assumptions is on the mean-field interacting particle system (i.e., on the gener-
ator £V defined in (4.1)).

(E1) The edge set is given by € = {(z,2+ 1),z € Z} U{(z,0),z € Z\ {0}}.

(E2) There exist positive constants A and ) such that

[>
>

<\
z+1

for each £ € M;(2).

(E3) The functions (z 4+ 1)\, .4+1(-), z € Z, and A, o(-), z € Z\ {0}, are uniformly Lipschitz

continuous on M;(Z2).

Note that assumption (E1) considers a specific transition graph (Figure 4.2) for each particle.
This graph arises in the contexts of random backoff algorithms for medium access in wireless
local area networks [51] and decentralised control of loads in a smart grid [60]. Assumption
(E2) ensures that the forward transition rates at state z decays as 1/z. This key assumption
cuts down the speed of outward excursions and enables us to overcome the issue described in
the counterexamples. To highlight this, consider a modified example of Section 4.1.2.2 where
Aesr1 = A\/(z+ 1), z € Z; the rest of the description remains the same. Let &y € M;(Z2)

denote the invariant probability measure associated with one particle. It can be checked that
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Ew(2) is of the order of exp{—1(z)}, unlike &, which has geometric decay. As a consequence,
I (gHéW) is finite if and only if the ¥-moment of ¢ is finite. Hence, by imposing (E2), we have
ensured that the barriers in M;(2Z) that are insurmountable for finite time duration trajectories
continue to remain insurmountable in the stationary regime; this is the key property that enables
us to prove the main result of this chapter. Assumption (E3) is a uniform Lipschitz continuity
property for the transition rates which is required for the process-level LDP for ,uf,VN to hold
and for the McKean-Vlasov equation (4.2) to be well-posed.

Our second set of assumptions is on the McKean-Vlasov equation (4.2). Let u,, v € M;(2),
denote the solution to the limiting dynamics (4.2) with initial condition v € M;(Z). Recall
the function ¥. Define ) == {{ € M (2): (£,9) < M}, M > 0.

(F1) There exists a unique globally asymptotically stable equilibrium £* for the McKean-Vlasov
equation (4.2).

(F2) (£*,9) < oo and limy_,o SUP,c 4, (11 (1), V) = (£, 1) for each M > 0.

The first assumption above asserts that all the trajectories of (4.2) converge to £* as time be-
comes large. The proof of the LDP upper and lower bounds for the family {©", N > 1} involves
construction of trajectories that start at suitable compact sets, reach the stable equilibrium &*
using arbitrarily small cost, and then terminate at a desired point in M;(Z) starting from &£*.
All these are enabled by assumption (F1) (see more remarks about this assumption in Sec-
tion 4.1.4). The second assumption asserts that the ¥-moment of the solution to the limiting
dynamics converges uniformly over initial conditions lying in sets of bounded ¥-moment. In
the case of a non-interacting system that satisfies (E1) but with constant forward transition
rates (for example, see L' in Section 4.1.2.2), the analogue of this assumption can easily be
verified: the first moment of the solution to the limiting dynamics converges uniformly over
initial conditions lying in sets of bounded first moment. In fact, one can explicitly write down
the first moment of the solution to the limiting dynamics in this case and verify this assumption
easily. Assumption (F2) is the analogous statement for our mean-field system that satisfies the

1/2-decay of the forward transition rates in assumption (E2).

4.1.3.2 Main result

We now state the main result of this chapter, namely the LDP for the family of invariant
measures {p”, N > 1} under the assumptions (E1)—(E3) and (F1)-(F2).

We first assert the existence and uniqueness of the invariant measure oV for .Z» for each
N > 1, and the exponential tightness of the family {p™, N > 1}.
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Proposition 4.1. Assume (E1) and (E2). For each N > 1, N admits a unique invariant
probability measure . Further, the family {o~, N > 1} is exponentially tight in My(Z).

Recall the quasipotential V' defined in (4.3). We now state the main result of this chapter.

Theorem 4.1. Assume (E1), (E2), (E3), (F1), and (F2). Then the family of probability
measures {p", N > 1} satisfies the large deviation principle on My(Z) with rate function V.

The proof of this result is carried out in Sections 4.4-4.7. We begin with the process-level
uniform LDP for u,’}}fv over compact subsets of M;j(Z); this uniform LDP gives us the large
deviation estimates for the process MJV\J[V uniformly over the initial conditions vy lying in a
given compact set (see Definition 4.2 and Theorem 4.2). We prove the LDP for the family
{p", N > 1} by transferring this process-level uniform LDP for ' over compact subsets of
M;(Z2) to the stationary regime. The proof of the LDP lower bound (in Section 4.4) considers
specific trajectories and lower bounds the probability of small neighbourhoods of points in
M;(Z) under " using the probability that the process ;) remains close to these trajectories.
For the proof of the upper bound, we require certain regularity properties of the quasipotential.
These properties are established in Section 4.5. We first show a controllability! property for
Vi V() is finite if and only if (£,9) < oo. Using the lower bound proved in Section 4.4, we
then show that the level sets of V' are compact subsets of M;(Z). Since M;(Z) is not locally
compact, this compactness-of-level-sets property implies that there are points in M (Z) where
V' is discontinuous. However we show the following small cost connection property: whenever
& — & in My(Z2) and (§,,0) — (£*,9) as n — oo, we have lim,, ., V(§,) = V(£*) = 0.
These properties of the quasipotential are then used to transfer the process-level uniform LDP
upper bound for ,quV (uniform over compact subsets of M;(Z)) to the LDP upper bound for
the family of invariant measures. The proof of the upper bound is carried out in Section 4.6.
Finally, we complete the proof of the theorem in Section 4.7.

While the proofs of our lower and upper bounds follow the general methodology of Sow-
ers [80], there are significant model-specific difficulties that arise in our context. The main
novelty in the proof of Theorem 4.1 is to establish the small cost connection property of the
quasipotential V' under assumptions (E1)-(E3) and (F1)-(F2). That is, we can find trajecto-
ries of small cost that start at * and end at points in M;(Z) whose ¥-moment is not very
far from that of £*. In the work of Sowers [80], this has been carried out by considering the
“straight-line” trajectory that connects the attractor to the nearby point under consideration.

Such a trajectory may not have small cost in our case since the mass transfer is restricted to

IThis terminology is from Cerrai and Rockner [23].
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the edges in £. We overcome this difficulty by considering a piecewise constant velocity mass
transfer via the edges in £. We then carefully estimate the cost of this trajectory and prove
the necessary small cost connection property. We also simplify the proof of the compactness
of the lower level sets of V; while Sowers [81, Proposition 7] studies the minimisation of the
costs of trajectories over the infinite-horizon, we arrive at it by using the LDP lower bound and
the exponential tightness of the family {™, N > 1}. We also remark that the methodology
of Sowers [80] has been used by Cerrai and Rockner [23] in the context of stochastic reaction
diffusion equations and by Cerrai and Paskal [21] in the context of two-dimensional stochastic

Navier-Stokes equations.

4.1.4 Discussion and future directions

The main result and the counterexamples suggest that in order for the family of invariant mea-
sures of a Markov process to satisfy the large derivation principle with rate function governed
by the Freidlin-Wentzell quasipotential, one must have some good properties on the model un-
der consideration. In the case of our main result, this goodness property was achieved by the
1/z-decay of the forward transition rates from assumption (E2). We use this assumption to
show the exponential tightness of the invariant measure over compact subsets with bounded
¥-moments. It also enables us to show the necessary regularity properties of the quasipotential
required to transfer the process-level large deviation result to the stationary regime. However
a general treatment of the LDP for the family of invariant measures of Markov processes (that
encompasses the cases of [80, 23, 21, 15, 35]), especially when the ambient state space is not
locally compact, is missing in the literature.

One of the assumptions that plays a significant role in the proof of our main result is
the existence of a unique globally asymptotically stable equilibrium for the limiting dynamics
(assumption (F1))!. In general, the limiting dynamical system (4.2) could possess multiple w-
limit sets. In that case the approach of our proofs breaks down. A well-known approach to study
large deviations of the invariant measures in such cases is to focus on small neighbourhoods
of these w-limit sets and then analyse the discrete time Markov chain that evolves on these
neighbourhoods. The LDP then follows from the estimates of the invariant measure of this
discrete time chain (see Freidlin and Wentzell [37, Chapter 6, Section 4]). However this approach
requires the uniform LDP over open subsets of M;(Z), which is not yet available for our mean-

field model. If this can be established, along with the regularity properties of the quasipotential

Tn the works of Sowers [80], Cerrai and Rockner [23], and Cerrai and Paskal [21], their model assumptions
ensure that (F1) holds.
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established in Section 4.5, one can not only use the above idea to extend our main result to the
case when the limiting dynamical system possesses multiple w-limit sets but also to study exit
problems and metastability phenomena in our mean-field model.

Another definition of the quasipotential appears in the literature. It is given by the minimi-
sation of costs of the form S(_ () over infinite-horizon trajectories ¢ on (—oo, 0] such that
the terminal time condition ¢(0) is fixed and p(t) — £* as t — —oo (see Sowers [80], Cerrai and
Réckner [23]). While it is clear that the above definition of the quasipotential is a lower bound
for V in (4.3), unlike in Sowers [80] and Cerrai and Rockner [23], we are not able to show that
the two definitions are the same. A proof of this equality, or otherwise, will add more insight
on the general case.

We remark that assumption (E3) does not play a role in the proof of our main result. It is
used to invoke the process-level LDP for uf,\]fv (see Theorem 4.2) and the well-posedness of the
limiting dynamical system (4.2). If these two properties are established through some other
means then the proof of Theorem 4.1 holds verbatim without the need for assumption (E3).

Finally, we mention that a time-independent variational formula for the quasipotential is
available for some non-reversible models in statistical mechanics, see Bertini et al. [8, 9]. It
is not clear if the quasipotential V' in (4.3) admits a time-independent variational form. This

would be an interesting direction to explore.

4.1.5 Related literature

Process-level large deviations of small-noise diffusion processes have been well studied in the
past. For finite-dimensional large deviation problems, see Freidlin and Wentzell [37, Chap-
ter 5], Liptser [57], Veretennikov [88], Puhalskii [73], and the references therein. For infinite-
dimensional problems where the state space is not locally compact, see Sowers [81] and Cerrai
and Rockner [22]. More recently, uniform large deviation principle (uniform LDP) for Banach-
space valued stochastic differential equations over the class of bounded and open subsets of the
Banach space have been studied by Salins et al. [79]. These have been used to study the exit
times and metastability in such processes, see Salins and Spiliopoulos [78]. While the above
works focus on diffusion processes, our work focuses on the stationary regime large deviations
of countable-state mean-field models with jumps. In the spirit of the small-noise problems
listed above, our process MZJ,VN can be viewed as a small random perturbation of the dynamical
system (4.2) on M;(Z).

In the context of interacting particle systems, Dawson and Gértner [26] established the

process-level LDP for weakly interacting diffusion processes, and Léonard [55] and Borkar and
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Sundaresan [15] extended this to mean-field interacting particle systems with jumps. In this
work, we focus on the stationary regime large deviations of mean-field models with jumps
when the state of each particle comes from a countable set. For small-noise diffusion process
on Euclidean spaces and finite-state mean-field models, since the state space (on which the
empirical measure process evolves) is locally compact, the process-level large deviation results
have been extended in a straightforward manner to the uniform LDP over the class of open
subsets of the space. Such uniform large deviation estimates have been used to prove the large
deviations of the invariant measure and the exit time estimates, see Freidlin and Wentzell [37,
Chapter 6] in the context of diffusion processes, Borkar and Sundaresan [15] and Chapter 2 of
this thesis in the context of finite-state mean-field models. One of the key ingredients in these
proofs is the continuity of the quasipotential. However in our case, the state space M;(Z2)
is infinite-dimensional and not locally compact. Therefore, since the quasipotential (4.3) is
expected to have compact lower level sets, it cannot be continuous on M;(Z) unlike in the
finite-dimensional problems mentioned above. Hence the ideas presented in [15] are not directly
applicable to our context of the LDP for the family of invariant measures.

Large deviations of the family of invariant measures for small-noise diffusion processes on
non-locally compact spaces have also been studied in the past, see Sowers [80] and Cerrai and
Rockner [23]. They have a unique attractor for the limiting dynamics, and the proof essentially
involves conversion of the uniform LDP over the finite-time horizon to the stationary regime.
Martirosyan [58] studied a situation where the limiting dynamical system possesses multiple
attractors. For the study of large deviations of the family of invariant measures for simple
exclusion processes, see Bodineau and Giacomin [13] and Bertini et al. [9]. More recently, Farfan
et al. [35] extended this to a simple exclusion process whose limiting hydrodynamic equation
has multiple attractors. Their proof proceeds similar to the case of finite-dimensional diffusions
in Freidlin and Wentzell [37, Chapter 6, Section 4] by first approximating the process near the
attractors and then using the Khasminskii reconstruction formula [48, Chapter 4, Section 4].
In particular, it requires the uniform LDP to hold over open subsets of the state space. Since
their state space, although infinite-dimensional, is compact, the proof of the uniform LDP over
open subsets easily follows from the process-level LDP. Also, the compactness of the state space
simplifies the proofs of the small cost connection property from the attractors to nearby points,
a property needed in the Khasminskii reconstruction. Although we restrict our attention to the
case of a unique globally asymptotically stable equilibrium as in [80, 23], the main novelty of our
work is that we establish certain regularity properties of the quasipotential for countable-state
mean-field models with jumps which were not done in the past. We then use these properties

to prove the LDP for the family of invariant measures. Furthermore, we demonstrate two
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counterexamples where the stationary regime LDP’s rate functions are not governed by the usual
quasipotential. To the best of our knowledge, such examples where the LDP for the family of
invariant measures hold but there rate functions are not governed by the usual Freidlin-Wentzell
quasipotential are new. These examples are constructed in a way that the particle systems do
not possess the small cost connection property from the attractor to nearby points with finite
first moment but infinite ¥-moment. On a related note, counterexamples are known in the
literature for small-noise Markov processes where the asymptotics of the spectral gap differs
from the natural candidate, which is a quantity analogous A defined in (2.9), see Miclo [63].
Large deviations of the family of invariant measure for a queueing network in a finite-
dimensional setting has been studied by Puhalskii [72]. Finally, large deviations of the family
of invariant measures for a stochastic process under some general conditions has been studied
by Puhalskii [74]. One of their conditions is the small cost connection property between any two
nearby points in the state space, which cannot be satisfied by our countable-state mean-field

model since our state space is not locally compact.

4.1.6 Organisation

This chapter is organised as follows. In Section 4.2, we provide preliminary results on the large
deviations over finite time horizons. The proof of the main result is carried out in Sections 4.3—
4.7. In Section 4.3, we prove the existence, uniqueness, and exponential tightness of the family
of invariant measures. In Section 4.4, we prove the LDP lower bound for the family of invariant
measures. In Section 4.5, we establish some regularity properties of the quasipotential V' defined
in (4.3). In Section 4.6, we prove the LDP upper bound for the family of invariant measures.
In Section 4.7, we complete the proof of the main result. Finally in Section 4.8, we prove that
the quasipotential differs from the relative entropy (with respect to the globally asymptotically

stable equilibrium) for the two counterexamples discussed in Section 4.1.2.

4.2 Preliminaries

4.2.1 Frequently used notation

We first summarise the frequently used notation in the chapter. Let Z denote the set of
nonnegative integers and let (£, &) denote a directed graph on Z. Let R*> denote the infinite
product of R equipped with the topology of pointwise convergence (it is also viewed as the

space of real-valued functions on Z). Recall that M;(Z) denotes the space of probability
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measure on Z equipped with the total variation metric (denoted by d). This metric generates
the topology of weak convergence on M;(Z). By Scheffé’s lemma [32, Chapter 3, Section 2],
M (Z) can be identified with the subset {z € R* : x; > 0Vi,) .. 2; = 1} of R* with
the subspace topology. For each N > 1, recall that MY (Z) C Ml(é) denotes the space of
probability measures on Z that can arise as empirical measures of N-particle configurations on
ZN . Recall that ¥(z) = zlog 2,2z € Z, with the convention that 0log0 = 0. Given f,g € R>,
let the bracket (f,g) denote lim, oo Y ,_, f(k)g(k), whenever the limit exists. For M > 0,
define ) = {{ € My(2) : (£,9) < M}; by Prohorov’s theorem, £}, is a compact subset of
Mi(Z). Define 7 = J,;~, #u. Let & € M;(Z) denote the globally asymptotically stable
equilibrium for the McKean-Vlasov equation (4.2) (see assumption (F1)). For each A > 0,
define

K(A):={¢ e : d(&", ) < Aand [(§,7) — ((, V)] < A}

note that K (A) depends on £* as well (which we do not indicate for ease of readability). Recall

the functions 7 and 7* defined in Section 2.2, i.e., 7(u) = €" —u — 1, u € R, and

o0 ifu<—1,
™(u) =< 1 if u=—1,
(u+1loglu+1)—u ifu>-—1.

For a complete and separable metric space (S,dy), A C S, and x € S, let dy(z, A) denote
inf,c4 do(x,y). Let D([0,T],S) denote the space of S-valued functions on [0, 7] that are right
continuous with left limits. It is equipped with the Skorohod topology which makes it a complete
and separable metric space (see, for example, Ethier and Kurtz [34, Chapter 3]). Let p denote a
metric on D([0, 7], S) that generates the Skorohod topology. An element of D([0,77],S) is called
a “trajectory”, and we shall refer to the process-level large deviations rate function evaluated
on a trajectory as the “cost” associated with that trajectory. For a trajectory ¢, let both ¢,
and ¢(t) denote the evaluation of ¢ at time t. For N > 1 and v € MY (Z), let PV denote the
solution to the D([0,T], MY (Z))-valued martingale problem for .~ with initial condition v
(whenever the martingale problem for £ is well-posed). Let pY denote the random element
of D([0,T], MY (Z)) whose law is PY. For each £ € M;(Z), let L¢ denote the generator acting

on functions f on Z by

froLz)= Y X)) - f2), 2 €2,

z':(z,2")€E
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i.e., the generator of the single particle evolving on Z under the static mean-field &.

Let C3([0,T] x Z) denote the space of real-valued functions on [0,7] x Z with compact
support that are continuously differentiable in the first argument. Given a trajectory ¢ €
D([0,T], M1(Z)) such that the mapping [0,7] > t — ¢ € M;(Z) is absolutely continuous
(see Dawson and Gértner [26, Section 4.1]), one can define ¢, € R* for almost all ¢t € [0, 7]
such that

<%m:@mm+/

[0,¢]

@WMM+/<%ﬁwMu

[0¢]

holds for each f € C3([0,T] x Z) and t € [0, T).
For a set A let ~A denote the complement of A. For two numbers a and b, let a VV b denote
maximum of a and b. For a metric space S, let B(S) denote the Borel o-field on S. Finally,

constants are denoted by C and their values may be different in each occurrence.

4.2.2 Process-level large deviations

We first recall the definition of the large deviation principle for a family of random variables

indexed by one parameter.

Definition 4.1 (Large deviation principle). Let (S, dy) be a metric space. We say that a family
{XN N > 1} of S-valued random variables defined on a probability space (2, F, P) satisfies

the large deviation principle with rate function I : S — [0, oo] if

e (Compactness of level sets). For any s > 0, ®(s) == {x € S : I(z) < s} is a compact
subset of S;

e (LDP lower bound). For any v > 0, § > 0, and x € S, there exists Ny > 1 such that
P(do(X™N, x) < 6) > exp{—N(I(x) +7)}

for any N > Ny;

e (LDP upper bound). For any v > 0, § > 0, and s > 0, there exists Ny > 1 such that
P(do(X"™,®(5)) > 6) < exp{—N(s —7)}

for any N > Nj.
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This definition is also used to study the large deviations of a family of probability measures.
For each N > 1, let PY = Po (X")™!, the law of the random variable Xy on (S,dy). We
say that the family of probability measures { PV, N > 1} satisfies the LDP on (S, dp) with rate
function I if the sequence of S-valued random variables { X" N > 1} satisfies the LDP with
rate function 1.

The LDP lower bound in the above definition is equivalent to the following statement [37,
Chapter 3, Section 3]

1
liminfﬁlog P(XY € G) > — inf I(z), for all G C S open.

N—o0 zeG

Similarly, under the compactness of the level sets of the rate function I, the LDP upper bound

above is equivalent to the following statement:

lim sup S log P(XY € F) < — inf I(x), for all F C S closed.
Nooo IN zeF

To study the LDP for the family of invariant measures, we require estimates on the prob-
abilities of the process-level large deviations of p?. In particular, we consider hitting times of
ulY on certain subsets of the state space M;(Z) and apply the process-level large deviation
lower and upper bounds for p¥ starting at these subsets. Therefore, in addition to the scaling
parameter N, we must consider the process ) indexed by the initial condition v € MY (Z).
To study the process-level large deviations of such stochastic processes indexed by two param-
eters, we use the following definition of the uniform large deviation principle (see Freidlin and
Wentzell [37, Chapter 3, Section 3]).

Definition 4.2 (Uniform large deviation principle). Let (S, dp) be a metric space. We say that
a family {XY,y € S, N > 1} of D([0, T],S)-valued random variables defined on a probability
space (2, F, P) satisfies the uniform large derivation principle over the class A of subsets of S
with the family of rate functions {I,,y € S}, I, : D([0,T],S) — [0, +oc], y € S, if

e (Compactness of level sets). For each K’ C S compact and s > 0, [, @, (s) is a compact
subset of D([0,T],S), where ®,(s) == {p € D([0,T],S) : vo =y, I,(p) < s};

e (Uniform LDP lower bound). For any v > 0,6 > 0, s > 0, and A € A, there exists
Ny > 1 such that

P(p(X,, ) < 8) = exp{—N(I,(v) + )},
for all y € A, ¢ € ®,(s), and N > Np;
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e (Uniform LDP upper bound). For any v > 0, § > 0, sp > 0, and A € A, there exists
Ny > 1 such that

P(p(X,’, ®y(s)) = 0) < exp{—=N(s =)},

forally € A, s <9, and N > N.

We now make some definitions. For each v € M;(Z) and T" > 0, define the functional
S[O,T]('|V) : D([OvT]7M1(Z)) — [O)OO] by

Soi(ely) = / sup {<a,¢t—A:;twt>—
(

[0,T] a€R>

> rlals) - alDhaledal) bt (15)

z,2")eE

whenever ¢(0) = v and the mapping [0,7] > t — ¢ € M;(Z) is absolutely continuous;

Sp,r)(p|v) = oo otherwise. Define the lower level sets of the functional Sy 7(-[v) by
® " (s) = {p € D(0,T], M1(2)) : po = v, Spi(elv) < s}, 5> 0, v € My(2).

The next lemma asserts that these level sets are compact in D([0, 7], M;(Z)) when the initial
conditions belong to a compact subset of M;(Z). The proof is deferred to Appendix 4.A.

Lemma 4.1. For each T >0, s >0, and K C M;(Z) compact,

{v € D([0,T], My(2)) = ¢(0) € K, Spo,1(¢](0)) < s}
is a compact subset of D([0,T], M1(Z2)).

The starting point of our study of the invariant measure asymptotics is the following uniform
large deviation principle for the family {u),v € MY (Z), N > 1} over the class of compact
subsets of M;(Z) with the family of rate functions {Sp7(:|v),v € M;(Z)}. Its proof follows
from the process-level LDP for ;2 studied in Léonard [55] for a fixed initial condition and
its extension to the case when initial conditions converge to a point in M;(Z) in Borkar and

Sundaresan [15]. The proof can be found in Appendix 4.A.

Theorem 4.2. Fiz T > 0 and assume (E1), (E2), and (E3). Then the family of D([0,T], M1(Z))-
valued random variables {(u) (t),t € [0,T]),v € MY(Z),N > 1} satisfies the uniform large

deviation principle over the class of compact subsets of My (Z) with the family of rate functions

{S[O’T}('|V), vV E ./\/ll(Z)}
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The rate function Sy 7)(:|v) admits a non-variational representation in terms of a minimal cost
“control” that modulates the transition rates across various edges in £ so that the desired

trajectory is obtained.

Theorem 4.3 (Non-variational representation; Léonard [56]). Let ¢ € D([0,T], M1(Z)) be
such that Sipr(¢le(0)) < co. Then there exists a measurable function hy, : [0,T] x € = R such
that

(@1, 1) = (¢o, fo) +/ (Pu, Oy fu)du

[0,¢]

/ Z (Ful?) = D)L+ byl 2, 2 DA (P )pul2)du (46)
0.1 (, .r)ee

holds for allt € [0,T] and all f € C5([0,T] x Z), and Sp.11(¢|¢(0)) admits the non-variational

representation

Sho,11(le(0)) :/ Z T (ho(t, 2, 2")) Az (01) i (2)dt.

(0,77 (2,2")e€

Remark 4.1. It can be shown that the rate function Sjy 7] defined in (4.5) can also be expressed

as

S[O,T}(90|V) = sup {(SOT, fr) — (o, fo) — /[[)T]<90u,3ufu>du

fect([0,11x 2)

_/ <90u)Ltpufu du—/
(0,77

[0,T] (z z')e€

( (2,)_ (z)))‘z,z’(gpu>¢u<z)du}7 (47)

v € D([0,T], M1(Z2)), see Léonard [56]. This form of the rate function will indeed be used in

the proof of the counterexamples in Section 4.8.

4.3 Invariant measure: Existence, uniqueness, and ex-

ponential tightness

In this section we prove Proposition 4.1, the existence and uniqueness of the invariant measure
oV for ZN for each N > 1, and the exponential tightness of the family of invariant measures

{N, N > 1}. The proof relies on the standard Krylov-Bogolyubov argument and a coupling
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between the interacting particle system under consideration and a non-interacting system with
maximal forward transition rates minimal backward transition rates.

We first introduce some notations for the non-interacting particle system. Let L denote
the generator acting on functions f on Z by f = >_.. ce(f(2)) = f(2)) sz, 2 € Z, where
Azzi1 = A/(z+1)and A\, g = A. For each z € Z, let P, denote the solution to the D([0, 7], Z)-
valued martingale problem for L with initial condition z. Integration with respect to P, is
denoted by E,. Let 7 € M;(Z) denote the unique invariant probability measures for L.
Integration with respect to 7 is denoted by E,. Finally, for each N > 1, let P denote the
solution to the D([0,T], MY (Z))-valued martingale problem for #*~ with initial condition
v, A..41(¢) replaced by A/(z + 1) and A, (¢) replaced by ) in (4.1), respectively, for each
¢ € M;(Z). Integration with respect to PY is denoted by EY. We are now ready to prove
Proposition 4.1.

Proof of Proposition 4.1. Fix N > 1. We first show the existence and uniqueness of the invari-
ant probability measure for Z~. Consider the family of probability measures {n¥,T > 1} on
M (Z) defined by

Y (A) = %/OTP(%(MN@) € A)dt, A e BIM(2)), T > 1.

Let XY (t) denote the state of the nth particle at time ¢. Note that, for any t > 1, M > 1, and
#>0,
Pg, (1 (1) & Har) < Py (™ (t) & Har)

=Py (ZN: I(XN(t) > NM)

< exp{—NMB}E} (exp {5279(X7]1V(t))})

n=1

= exp{~NM B} Ey(exp{BI(X]" ())})", (4.8)

where the first inequality follows from a straightforward coupling between the evolution of each
particle under IP’(];\(Z and Ip’f;\g , and the second inequality is a consequence of Chebyshev’s inequal-
ity. Note that, again by a coupling argument, Ey(exp{S9(XV(t))}) < Ex(exp{BI(XN(t))}).
The latter is finite for sufficiently small g > 0, thanks to the exp{—1(z)} decay of the proba-

bility measure 7 on Z. Thus we can choose 8 > 0 small enough (independent of M) so that
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log E(exp{BY(X](t))}) < 1. Hence (4.8) implies that
P3, (1" (t) & Har) < exp{-N(MB — 1)}
Therefore, for any M > 0 and 7' > 1, we get
0 (~Hr) < exp{—N(MB —1)}. (4.9)

Since 3 is a compact subset of M (Z), this show that the family {n¥, T > 1} is tight. Hence
it follows that there exists an invariant probability measure p" for £ (see, for example, Ethier
and Kurtz [34, Theorem 9.3, page 240]). By Assumption (E1), " is an irreducible Markov
process; hence p” is the unique invariant probability measure for #%.

We now show the exponential tightness of the family {©", N > 1}. Let M > 0 be given, and
choose M' = (M +1)/3. For each N > 1, since ¢ is a weak limit of the family {n¥, T > 1}
as T'— oo, from (4.9) with M replaced by M’, it follows that

o™ (~p) < lim inf n (~Hp) < exp{—NM}. (4.10)
—00
for each N > 1. Hence,

1

lim sup — log " (~#3y) < —M,
N—oo N

which establishes that the family {@", N > 1} is exponential tight. This completes the proof

of the proposition. O

4.4 The LDP lower bound

In this section we prove the LDP lower bound for the family {¢", N > 1}. To lower bound the
probability of a small neighbourhood of a point ¢ under p?, we first produce a trajectory that
starts at ), for a suitable M > 0, connects to £* with a small cost, and then reaches £ from &£*
with cost arbitrarily close to V(§). The probability of a small neighbourhood of ¢ under ¥ is
then lower bounded by the probability that the process ¥ remains in a small neighbourhood
of the trajectory constructed above. The latter is then lower bounded using the uniform LDP
lower bound for 1V, where the uniformity is over the initial condition lying in a given compact
subset of M;(2).

We begin with a lemma that allows us to connect points in K (A) to £* for small enough A
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with small cost. We omit its proof here, since it follows from a certain continuity property of

V' which will be shown in Lemma 4.6.

Lemma 4.2. Given v > 0 there exists A > 0 such that for any ¢ € K(A) there exists a T > 0
and a trajectory ¢ on [0,T] such that p(0) = ¢, o(T') = &*, and Sjo1(p]¢) < 7.

We now prove the LDP lower bound for the family {©", N > 1}.

Lemma 4.3. For any vy >0, 6 > 0, and £ € M4(Z), there exists Ny > 1 such that

p"{C € Mi(Z) 1 d(C.€) < 0} = exp{-N(V(&) +7)} (4.11)

for all N > Ny.

Proof. Fix v > 0, 6 > 0, and £ € M;(Z). We may assume that V() < oo; if V(§) =
oo then (4.11) trivially holds for all N > 1. Choose some M > 0 and N; > 1 such that
o () > 1/2 for all N > Ny; this is possible from the exponential tightness of the family
{N, N > 1}, see Proposition 4.1. Using Lemma 4.2, choose ¢ > 0 and Ty > 0 such that for
any (; € K(e) there exists a trajectory o1 on [0,Tp] such that ¢1(0) = (1, ¢1(Tp) = £*, and
S (p1]¢) < /4. Since £ is the globally asymptotically stable equilibrium for (4.2), for
the above ¢ > 0, there exists a 77 > 0 such that for any ( € ) we have p.(11) € K(e),
where i denotes the solution to the McKean-Vlasov equation (4.2) with initial condition
(see assumption (F2)). Also, by the definition of V' (), there exists a T > 0 and a trajectory
@ such that ¢y(0) = &%, ¢2(T2) = &, and Sjo ) (p2/€*) < V() + /4. Let T =T, + Ty + 1.
Given ¢ € J#), we construct a trajectory ¢, on [0,7] by using the above three trajectories as
follows. Let ¢¢(0) = ¢; ¢¢(t) = pe(t) for t € [0,Th]; pc(t) = o1(t —Th) for ¢ € (Th,Th + Tpl;
and @ (t) = pa(t — (T1 + Tp)) for t € (Th + To, T]. Note that Sy (¢c]|¢) < V() + /2. From
the uniform continuity of ¢, on [0,7], we can choose §' > 0 such that p(p,p;) < ¢’ implies
d(o(T),pc(T)) < 6 for any ¢ € D([0,T], M;(Z)). Then for each N > Ny, we have

V¢ € Mi(Z) 1 d(C,€) < 6} = / BY (d(” (T), €) < 8)p™(dc)

MY (2)

/ BY (d(u (1), €) < 6)p™ (d0)
MY (2)

v

v

/ P (p(™, 0c) < 8")p™ (dC)
AN MY (2)

v

1
— inf PY (p(u, 0c) < 8'); 4.12
P ¢ (™ pe) < 0') (4.12)
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here the first equality follows since " is invariant to time shifts. By the uniform LDP lower
bound in Theorem 4.2, there exists Ny > N; such that

PY (p(u, ) < 8) > exp{—=N(Spo11(¢l¢) +7/4)}

for all ¢ € Ky NMY(Z), o € PNV (€) +7/2), and N > N,. Noting that Sjory(ipc|¢) <
V(&) +v/2 for any ¢ € #y N MY (Z), and using the above uniform LDP lower bound, (4.12)

becomes

oVIC € Mi(Z): d(G,) < 6} 2 S exp{~N(V(E) +37/4)}

for all N > N,. Finally, choose Ny > Nj so that 1/2 > exp{—N~/4}. Then the above becomes

eV {¢ € My(Z) 1 d(¢,6) <6} = exp{—=N(V (&) +7)}

for all N > Ny. This completes the proof of LDP lower bound for the family {o", N > 1}. O

4.5 Properties of the quasipotential

In this section we prove three key properties of the quasipotential V. These three properties
are (i) a characterisation of the set of points for which V' is finite, (iii) a certain continuity
property for V', and (iii) the compactness of the lower level sets of V. These properties play an

important role in the proof of the LDP upper bound in Section 4.6.

4.5.1 A characterisation of finiteness of the quasipotential

Recall the function 9 and the compact sets #,;, M > 0. We start with a lemma that enables
us to connect Jg, the point mass at state 0, to a point £ € J#); for some M > 0. This connection
is made using a piecewise constant velocity trajectory wherein for each z > 1, we move the
mass &(z) from state 0 to state z in z steps; in the kth step, we move the mass £(z) from state
k — 1 to state k with unit velocity. The lemma asserts that the cost of this piecewise constant

velocity trajectory is bounded above by a constant that depends only on M.

Lemma 4.4. Given M > 0 there exists a constant Cy; depending on M such that for any
€ € Ky there exists a T > 0 and a trajectory ¢ on [0,T] such that ¢(0) = by, ©(T) =&, and

Sio,r(¢ld0) < Ch.
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Proof. Fix M > 0 and & € #). Fix J € Z\ {0} and define Z; = {1,2,...,J}, t, = z{(2) for
z€ Zy,and T, = Zz/ezJ,z/zz t,. Note that T; < Tj_; < --- < T;. We shall first construct
a trajectory ¢’ such that ¢”(0) = &, ¢/ (T1)(z) = &(2) for each z € Z,, and Sy 1,1(¢”|d)
bounded above by a constant independent of J.

Let Ty, = 0. For each z € Z;, starting with z = J, we move the mass {(z) from the state
0 to state z using a piecewise unit velocity trajectory over the time duration (7,11, 7.1 + t.].
We define this trajectory ¢’ on [0, T1] as follows. Let (,00‘] =0p. Foreach z € Z;and 1 < k < z,

when t € (T,11 + (k — 1)&(2), Ty + kE(2)], let

1 ifl=k
Gl()=4 -1 ifl=k—1
0 otherwise,

[ € Z, and define /(1) = &o(l) + f[o q oI (Ddu, l € Z,t€[0,T].
We now calculate the cost of this trajectory. For a fixed z € Z and 1 < k < z, for each
t € (Topr + (k= 1)&(2), Toq1 + k£(2)] and o € R*, note that

(@] = Ael) = Y T(alz) = a2 (9])e] (2)

(z,2")e€

= (a(k) = af = > (exp{a(z) = a(2)} = DA (@]9 ().

(2,2")€€

Hence,

sup {0 gf — Ml) = 2 7o)~ a@lel el ()}

aeR (z,2)€€

< sup(a — (exp{a} — DAeorale)) ] (k — 1))

zeR

+ sup | — Z (exp{a(z) — a(2)} — DA (¢)) ] (2)

aeRe (2,2")€E;(2,2")#(k—1,k)
1

<lo + 2\
=08 (W - 1>Ak_1,k<so;!>)

1 1 _
<1 R lock +1 — 2\ 4.1
"g(so(k—l))“g “’g(a)+ ’ (4.13)

where the last two inequalities follow from assumption (E2). Consider the first term above. For
k > 1, integration of this quantity over the time duration ¢ € (T, + (k — 1)§(2), Toy1 + k&(2)]
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gives

/ 1 ( ! )dt / T (1> y
og | —— = — og | — ) du
(T g1+ (k= )E(2) T 1 ke (2)] o (k—1) ) \U

0
= (ulogu — u)

£(2)

— €(2)log (%) FEC),

where the first equality follows from the variable change u = ¢/ (k — 1) and the facts (i)
Ol (k—1) = —1, (ii) ¢/ (k—1) = £(2) when t = T, 1 + (k —1)&(2), (iii) ¢ (k—1) = 0 when t =
T.i1+kE(2), and (iv) du = —dt. For k = 1, using the bound ¢} (0) > ¢/ (0) = (1 =3, &(2')),

we get
1
log < ) dt
/(Tz+17Tz+1+§(Z)] %{(0)
< / | !
< 0g
te(Tot1,T2414+€(2)] SOZI<O) - (]‘ -
0 1
= —/ log (—) du,
£(2) u
where the last equality follows from the variable change u = ¢/ (0) — (1 — 3, &(%')), and
the facts (i) ¢/(0) = —1, (ii) ¢/(0) = 1 —>,.,&(¥') when ¢t = T,y so that ¢/ (0) — (1 —
D5 6(2) = &(2) when t = T,y (iii) ¢/(0) =1 =3, &(¥) when t = T4y + £(2) so that

@/ (0) = (1 =325, €(2) = 0 when t = T,y +&(2), and (iv) du = —dt. Thus, proceeding as

before for the case k > 1, we arrive at

/<Tz+1,Tz+1+s(z>] o (wtjl(())) dt < &z log (%2)) ).

Hence, integrating (4.13) over t € (T.41+(k—1)&(2), Ty1+kE(2)] and summing over 1 < k < z,

we get, for each z € Z;,

/ sup { g = Apl) -
(Tog1,Toq1+t.]) @ER™ (z,2")€E

< 2£(2) log (%) e

zzxzzaz'))) “

(02 — ()o@l )e! <z>}dt
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where C. = (zlog z + 2)&(2) + 2£(2) (log (i) + 2X> .Let C7 = Deez, C,. Thus, summing the

above display over z € Z;, we arrive at

1 ~
Sto,m1(9”00) < log( )—l—C’J.
ents141% T v

Note that
Z 2€(2) log (L) = Z 2£(z) log <L> + Z 2£(z) log <—1 )
o £(2) —~ £(2) — £(2)
J z J? z gt
£(2)<1/23 £(z)>1/23
1 310gz
< Z
=7 + Z +3 Z zlog z&(z
zeZj\{1}: zEZ :
£(2)<1/23 £(z)>1/23
1 log 2z
< E+3§ { > —|—zlogz§(z)}, (4.14)
2CZyg

where the first inequality comes from the fact that the mapping x — xlog(1/x) is monotonically

increasing for x € [0,1/e]. Hence,

1 ] ~
Som(e”|00) < = - +3 > { B2 L Llogz€(z )}+CJ, J>1.

ZEZ ]

Define T = 3", 2£(2). We now extend the trajectory ¢” to (T1,T] by defining ¢ = ¢,
for t € (Ty,T]. Noting that ¢J(2) = 0 for all 2 € Z on t € (T3, T], this extension suffers an

additional cost of at most 2\T". Hence, we get

1 log z _ B
"160) < < 1 T4 ONT.
Sor(¢710) < e+32{ 5 T 2log (= )}+C +2X

z2EZ g

Noting that (i) the right hand side above is upper bounded by (£, 9)C(), A), where C(X, )) is
a constant depending on X and ), and (ii) (€,7) < M, the above display yields

Sy (7100) < C(M, X, A),

where C'(M, A A) is a constant depending on M, A, and \. Using the compactness of the level
sets of i (see Lemma 4.1), it follows that the sequence of trajectories {¢”, J > 1} has a
convergent subsequence. Re-indexing the original sequence, let ¢’ — ¢ in D([0,T], M,(Z)) as
J — oo. By construction, for each J € Z\ {0}, p5(2) = £(2) for all z € Z;; hence pr(2) = £(2)
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for all z € Z. By the lower semicontinuity of Sy 1), it follows that
Sjo,r1(¢ld0) < liminf Sto.r1(7100) < C(M, X, N).

This completes the proof of the lemma. O
We are now ready to characterise the set of points £ in M;(Z) whose V() is finite.

Lemma 4.5. V(§) < oo if and only if £ € . Furthermore, for any M > 0, there exists a
constant Cyy > 0 such that & € Ay implies V(§) < Cyy.

Proof. Let £ € M;(Z) be such that V(£) < co. Then there exists a 7' > 0 and a trajectory ¢
on [0,T] such that ¢(0) = &, o(T) = &, and Sjr1(p|€*) < V() + 1. By Theorem 4.3, there

exists a measurable function h, on [0,7] x &£ such that

{1, f) = (@0, f) +/ Y (&) = FEN A+ hp(u, 2z, 2)) e (pu)u(2)du (4.15)

[0,1] (2,2")e€

holds for all ¢ € [0,T] and f € Cy(Z), and Sjo11(¢|¢(0)) is given by

Sor)(ele(0)) = D T (hglt, 2, 2)) A (0r)pr(2)dt.

011 (e,

For any z > 0 and y € R, using the convex duality relation (z — 1)y < 7*(z — 1) + 7(y),
we get the inequality zy < 7%(z — 1) + (exp{y} — 1). Hence, from the above non-variational

representation for Sy (¢|¢(0)), (4.15) implies

(o, f) < (&5 f) + Z T (hw(u, 2y Z/)))‘Z,Z’(Spu)gpu(z)du
[0,4]
0,t (

z,2')e€

+ > (exp{f(2) = f(2)} = DA (pu) pu(2)du

[0,¢] (z,2")e€
<NV +1
+ o Y (exp{f(z) = f(2)} = DA (pu)pul)du. (4.16)
* (2,2)e€

133



Recall the function ¢ on Z. For n > 1, define

9(2) = { ¥(z), if z<m,

0, otherwise.

By convexity, note that J,,(z4+1) —9,(2) < 1+log(z+1) and 9,,(0) —9,,(2) <0, for each z € Z.

Therefore, using the upper bound for the transition rates from assumption (E2), observe that

/[ T @) ~ D)~ DA i) < e 1)
0t (z,2")e€

for each t € [0,7] and n > 1. It follows from (4.16) with f replaced by ¥J,, that
(e, V) <€ 0n) + V() + 14 Me— 1T

for each t € [0,7] and n > 1. Letting n — oo and using monotone convergence, we conclude
that

sup (¢r,¥) = sup lim (g, 0,) < (€5, 0) + V(E) + 1+ Ae — 1)T. (4.17)
te[0,T] te[0,T7] VP
In particular, (¢,9) < (€*,9) 4+ V(&) + 14 A(e — 1)T. It follows that & € 7.

Conversely, let§ € . Let M > 0 besuch that £ € #);. By Lemma 4.4, there existsaT > 0
and a trajectory ¢® on [0,7] such that ¢ (0) = &, p?(T) = &, and Sjo71(¢P|d0) < Cur
for some constant Cy > 0 depending on M. Let to = 0, ¢, = >..,_, &(2)), z € Z\ {0},
and T1 = )., &(2"). We construct another trajectory ¢©M on [0, Ty] such that ¢™M(0) = ¢*,
e (T1) = 8, and Sz, (oM |€*) < 00 as follows. When ¢ € (t,_1,t,] for some z € Z\ {0}, let

-1, ifl =z,
() =91, ifl=0,
0, otherwise,

I € Z, and define p\"(t) = 4,0(()1 ) + f[o q o l)du [l € Z,t € [0,71]. Note that, for each
a € R®, when t € (t,_4,t.] for some z € Z\ {0}, we have

{< 0 g~ A = 3 T<a<z'>—a(z))Az,zf«oﬁ”)so%”(z)}

(2,2")e€
= (a(0) — a(2)) — (exp{a(0) — a(2)} = DA-o (e )t (2)
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(expla(?) — alz0)} 1>AZO,2/<¢§“>¢£”<ZO>},

-
€&:(z0,2")#

(Z07Zl) (Z,O)

so that optimising the left hand side of the above display over o € R* yields

sup { (gl = Aol = 3 rlal) -~ a) el

a€R (2,2")e€

= log

1 1 -
e (2) =

where the last inequality follows form the lower bound on the backward transition rates in

assumption (E2). Integrating the above over (¢,_1,t.] and summing over z € Z\ {0}, we arrive

at

Somie19 < 3 {eon g+ e (los () +25) |

z€Z\{0}

Since £* € ', proceeding via the steps in (4.14), we conclude that the right hand side of the
above display is finite. We combine ¢(!) and ¢? and define a new trajectory @ on [0, 7} + T
as follows: @(t) = oM (t) on t € [0,T1]; ¢(t) = P (t —T1) on t € (T}, Ty + T). Note that
0(0) =¢*, ¢(Th +T) =&, and S 1,4+1(9|€*) < 0o. Hence V(§) < oo.

To prove the second statement, we note that given any M > 0, for any £ € %), the cost
of the trajectory ¢ constructed in the previous paragraph is bounded above by a constant

depending only on M (and not on &). This completes the proof of the lemma. O

4.5.2 Continuity

We now establish a certain continuity property of the quasipotential V. Since V has compact
level sets and the space M;(Z) is not locally compact, we cannot expect V' to be continuous
on M;(Z). In fact, for any point £ € M;(2Z) with V(§) < oo, one can produce a sequence
{&.,n > 1} such that &, — £ in M;(Z) as n — oo, and (§,,v) = oo for all n > 1, so that
inf,,>1 V(&,) = co. We prove that V' is continuous under the convergence of ¥-moments when it
is restricted to . That is, when &, € #, &, — £ in M (2), and (&,,9) — (£,9) as n — oo,
then V(&,) — V(§) as n — oo. Towards this, we produce a trajectory that connects & to &,

by first moving the mass from all the large enough states z back to the state 0, then producing
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a constant velocity trajectory that fills the required mass from state 0 to all the large enough
states z, and finally adjusting mass within a finite subset of Z to reach &,. We show that the

cost of the trajectory constructed above can be made arbitrarily small for large enough n.

Lemma 4.6. Let &, € #, n>1, and £ € A . Suppose that &, — & in M1(Z) and (£,,9) —
(€,9) asn — 0o. Then V(&,) — V(§) as n — oo.

Proof. We first prove that limsup,_,. V(&) < V(§). Fix e > 0. Let 2y € Z be such that
> nsy, V(2)€(2) < /6. Then choose ny > 1 such that » _ 9(2)&.(2) < &/3 holds for all
n > ny; this is possible since &, — & in My (Z) and (£,,9) — (£,9) as n — oo. Let t,, = 0,
te= 30 &), 2> 20, and Ty = Y., &(2'). Define the trajectory ¢© on [0,Tp] as

follows. When t € (t,_1,t.] for some z > z, let

-1, ifl =z,
g =4 1, ifl=0,
0, otherwise,
l € Z, and define gp(o)(l) )+ fOt (0) (D)du, l € Z,t € [0,T1]. Note that 4,0(0)( ) =&(2) for

1<z <2, cp(TO)(z) =0 for z > 2, and cpgpo)( ) =80)+>.,, &(2). Let M = (sup,,>,, (&, V)V
(&,9) + 1. Using ideas similar to those used in the proof of Lemma 4.5, it can be checked that
Sio1y (9 V)€) < Co(M, A, Mg, for some constant Cy (M, A, A) depending on M, A, and \.

Let e, = 3., &u(2). If e, > gpg%)(O), then we move the extra mass ¢, — gp(T (0) from
the states {1,2,...,20} to state 0 as follows. Let Th = Tp + €, — go(TO (0). When t is between

To+> 0 .0 <p(TO ( )and (To+ >0, gOT )(2)) ATy for some z < z, let

-1, ifl =z,
gl =91, itl=0,
0, otherwise,

l € Z. Define the trajectory ¢ on [0,T}] as follows: gol(tl) = gpt ) when t € [0, To); gpﬁl)(l) =
goé%) +f0t <pu l)du l € Z,te (T, Ty]. Note that 1) depends on n, but we suppress this in
the notation for ease of readability. Again, since ¢, is smaller than /3, by using calculations
similar to those used in the proof of Lemma 4.5, we see that Sip 7,)(o™ |gp§%)) < CH(M, X Ne
for some constant CI(M A, A) depending on M, )\, and A. On the other hand, if ¢, < go(o)(O),
we set Ty = Tp and ¢! = ©!” on [0,71]. In both cases, we have go(Tl) (0) > e,.

Let Ty = (290 + 1)e,. We now construct another trajectory ©? on [0, T3] to transfer the

mass &, from state 0 (in 90%)) to state zgp + 1. Let gp(()) = gDT When t € ((z — 1)e,, 2&,] for
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some z € {1,2,...,20+ 1}, let

-1, ifl=2z-1,
A =91, ifl=z
0, otherwise,

[ € Z, and define 90£2)(l) = go(Tl )+ f[o q o7 l)du l € Z,t e (0,To). Note that |zlog(s) —
ylog( )| < 0+ dlog(1/6) whenever |z —y| < 6, and that ¢, < €/(zylogzy). Hence, using
calculations similar to those done in the proof of Lemma 4.4, we see that Sjor,(¢ (2)|90%)) can
be bounded above by Cy(M, X, A)elog(1/e) where Cy(M, )\, )) is a constant depending on M,
A, and ), for each n > n; (recall that ¢ depends on n).

Note that cp% )(zo + 1) = ¢,. We now construct a trajectory that distributes this mass ¢,
from the state zp + 1 to all the states z > zp + 1 to match with &,(z). Let ¢, = 2,(z) for
z2>z+2and Ty = . .t Similar to the construction in the proof of Lemma 4.4, we
can now construct a trajectory »® on [0, T3] such that go(() = 90%2), ngg( z) = &,(2) for each
z > 2+ 1, and S[O7T3](<p(3)|g0%)) < O3(M, X\, M)e for some constant C3(M, A, \) depending on
M, X and A, for all n > n;.

Finally, we construct a trajectory that connects cpT) to &, by adjusting the mass within the
states {0,1,...,20}. Note that ¢T3( z) = & (z) for each z > zo + 1. Let Zy C {1,2,..., 20}
denote the set of all z € {1,2,..., 2} such that goﬁ (2) > &,(z). Similar to the construction
of oM, for each z € Z;, we move the mass goT ( ) — &n(2) from state z to state 0 using unit
velocity over a time duration goT ( ) — &u(2). Once these mass transfers are complete, similar
to the construction of o, for each z ¢ Z;, we move the mass &,(z) — go% )(z) using a piecewise

constant velocity trajectory from state 0 to state z over the time duration z(,(z) — @% ) (2)).

Let Ty = 30 (05 (2) = 6a(2) + Xz my 2(6n(2) =65 (2)). Let &, = maxoe(ia,.. 0} [6n(2) —

gog )(2)|. Then using arguments similar to those used in the proof of Lemma 4.4, we see that

S, (¢ (4)|g0§§3)) < Cy(M, X\, M\)énlog(1/2,) for some constant Cy(M, X, ) depending on M, X,
and A, for all n > ny. Since &, — 0 as n — 0o, we can choose ny > n; such that £, log(1/¢,) <
elog(1/e) for all n > ny. Therefore S[O7T4}(<p(4)|cpg)) < Cy(M, X, Nelog(1/¢) for all n > n,.

Let T = Z?ZlTi. We now append the four paths ¢ 1 < ¢ < 4, constructed in the
previous paragraphs over the time duration [0,7] to get a path ¢ such that g =&, or = &,
and S 7 (¢]€) < C(M, X, N)elog(1/e) where C'(M, A, A) is a constant depending on M, A and

A. Hence, for each n > n,y, we have

V(gn) < V(§> + S[O’T4](90’§) < V(g) + C(M7 X» A)Elog(l/s).
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Therefore, limsup,, ,., V(&) < V(&) + C(M, )\, M)elog(1/e). Letting e — 0 and noting that
elog(1l/e) — 0, we arrive at limsup,,_, . V(&) < V(§).

To prove liminf,, . V(&) > V(£), we reverse the role of &, and ¢ in the above argument.
That is, we construct a trajectory ¢ on [0,T] such that ¢o = &,, @7 =&, and Sp7)(¢|&n) < €,

for all n > 1, where ¢, — 0 as n — oo. Thus, we get

V() < V(&) +en

Letting n — oo, we conclude that liminf, ,., V(&,) > V(£). This completes the proof of the

lemma. O

Remark 4.2. The choice of ny in the above proof suggests that the inequality lim sup,, , . V' (&,) <
V(€) can be proved as long as &, — £ in M (Z) as n — oo and limsup,,_,. (&, ) < (&, 0)
holds. Similarly, the inequality liminf, .. V(&,) > V() can be proved as long as &, — £ in
M;(Z) and liminf,, (£, ) > (£,9) holds. This observation will be later used in the proof

of the compactness of the lower level sets of V.
4.5.3 Compactness of the lower level sets of the quasipotential
Define the level sets of V' by

=(s) = {€ € My(2) : V(€) < s}, 5> 0.

In this section we establish the compactness of Z(s) for each s > 0.
Lemma 4.7. For each s > 0, Z(s) is a compact subset of My(Z).

Proof. We first prove an inclusion property of the level sets of V', namely, given M > 0 there
exists M’ > 0 such that

(6€ Mi(Z):V(E) < M} C Ha. (4.18)

On one hand, using Proposition 4.1 on the exponential tightness of the family {o", N > 1},
choose M’ > 0 (see (4.10)) such that

1
limsupﬁlog N (~) < —(M +1).

N—oo
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On the other hand, using the LDP lower bound established in Lemma 4.3 and the compactness

of ), we have

.1 N .
E— -, / > -
h]VIri)loI(ljf N log p™ (~Hyr) > £§21£lfffw V(&)

Combining the above two displays, we get

v 1 1
— inf < liminf — log o (~#3s/) < limsu log N () < —(M +1).
€¢ Ay (©) N—oo N g ( )< Nl N gp" (~Hh) < —(M+1)

That is, £ ¢ # implies V() > M +1 > M. This shows (4.18). By Prohorov’s theorem, %},
is a compact subset of M;(Z); hence (4.18) shows that =(s) is precompact for each s > 0.
We now show that =(s) is closed in M;(Z). Let &, € Z(s) for each n > 1 and let &, — &
in M;(Z) as n — oo. By Fatou’s lemma, we have liminf, ,..(&,,9) > (£,9). Hence, by
Remark 4.2, we have liminf, , V(&,) > V(§). Thus, £ € E(s). This completes the proof of

the lemma. 0

4.6 The LDP upper bound

For m € N, define
(A, M) ={p € D([0,m], M1(Z)) : ¢(0) € Hr,0(n) ¢ K(A) for all n =1,2,... ,m}.

That is, (A, M) denotes the set of all trajectories that start at %3, and do not intersect
K (A) at all integer time points in [0, m]. We begin with a lemma that asserts that the elements
of (A, M) for large enough m must have non-trivial cost. The key idea used in the proof
comes from the compactness of level sets of the process-level large deviations rate function
Sp,(-|v), v € K, for any compact subset K of M;(Z) (see Lemma 4.1).

Lemma 4.8. For any s >0, M > 0, and A > 0, there exists mg € N such that
inf{Sfo,mq) (0(0)), 9 € Fno (A, M)} > 5. (4.19)

Proof. Suppose not. Then there exist s > 0, M > 0, A > 0, a sequence of positive numbers
{&m, m > 1} such that ¢,, — 0 as m — oo, and a sequence of trajectories {¢,,, m > 1} such
that ¢, € (A, M), and Sjo ) (¢m|em(0)) < s+ &y, for each m > 1.

Note that there exists an M; > 0 such that ¢,,(t) € ), for each t € [0, m] and each m > 1.
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Indeed, by Lemma 4.5, there exists Cy > 0 such that ¢ € K(A) implies V' ({) < C)ps. Thus, for
each m > 1, there exist a T},, > 0 and a trajectory @,, on [0, T},] such that @,,(0) = &*, @ (T},) =
¢ € K(A), and Sjgr7,(@m|€*) < Cur + 1. We extend this trajectory @n to (I, Tr, + m] by
defining @y, (t) = @ (t —Tpn) on t € (T,,, T +m)]. Note that Sjg 7, (Pm|E7) < Crr+1+s+em,
so that V(pn(t)) < Cy + 1+ s+ ¢, for each t € [0,m] and each m > 1. Thus, we can find an
My > 0 such that (4.18) holds with M replaced by Cis + s + sup,,>; €m + 2 and M’ replaced
by M. It follows that ¢,,(t) € ), for each t € [0,m] and each m > 1.

For the above choice of M, using assumption (F2), choose T} > 1 such that u¢(t) € K(A/2)
for each t > T} and each ¢ € J#),, where p is the solution to the McKean-Vlasov equation (4.2)
with initial condition (. Note that the closure of the set of all trajectories ¢ on [0,7}] in
D([0,T1], M;(2)) with initial condition ¢(0) € J#y, and p(T7) ¢ K(A) does not contain any
trajectory of the McKean-Vlasov equation (4.2). It follows from Lemma 4.1 that

B = inf{Spn1(|e(0)), (0) € Fup, ¢(n) € K(A) for each n=1,2,...,[T1]} > 0.

Therefore, noting that ¢,,(t) € #), for each t € [0, m] and m > 1, we see that

Lm/T1]
Sio,m)(Pm|em(0)) = Z Sin-1y1,w1] (Pm|m((n — 1)T))

n=1

2|z

— 00 as m — 00,

which contradicts our assumption. This completes the proof of the lemma. O

With a slight abuse of notation, given A C M;(Z), s > 0, and T > 0, define
237(s) = {p € D((0, 7], Mi(2)) : 9(0) € A, Spri(¢l(0) < s}.

We now prove a certain containment property for elements of M;(Z) that can arise as end-
points of trajectories in q)[[g’(TA])(s), s >0 and A > 0, i.e., points £ € M;(Z) such that there
exists a trajectory ¢ with ¢y € K(A) and Sp7(¢|po) < s. We prove that such points are not
far from the lower level sets of V' in M;(Z). This connection between trajectories over finite
time horizons and the level sets of the quasipotential V' is the key to transfer the process-level
LDP upper bound in Theorem 4.2 to the LDP upper bound for the family of invariant measures

{p", N >1}.
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Lemma 4.9. For any s > 0 and § > 0 there exists A > 0 and T1 > 1 such that for all T > T7,

{p(T) : p e DR (s)} € {€ € Mi(2) : d(€,5(s)) < 6. (4.20)

Proof. Suppose not. Then there exist s > 0, 6 > 0, sequences {A,,n > 1}, {T,,,n > 1} such
that A,, | 0 and T}, 1 0o as n — oo, and trajectories ¢,, € (I)[[%(TAHL)(S) such that d(,(T5,),Z(s)) >
 for each n > 1. Let &, = ¢,(T},), n > 1. By Lemma 4.6, there exists a 7" > 0 and a sequence
{en,n > 1}, with £, — 0 as n — oo, such that for any (' € K(A,) there exists a trajectory
@ on [0,7"] such that ¢¢'(0) = &*,¢¢(T") = ¢, and S (¢ |¢*) < €. For each n > 1, let
@n be the trajectory on [0,7" + T,] defined as follows. Let ¢,(0) = &*; @,(t) = ¢*»©(t) on
t €[0,77]; @n(t) = eu(t —=T") on t € (T", 7" + T,]. In particular, ¢,(T" + T,) = &,. Clearly,
Sto, 41, (Pn]€*) < 54 5. Tt follows that V(&,) < s +&,. Using the compactness of the lower
level sets of V' (see Lemma 4.7), we can find a convergent subsequence of {{,,n > 1}; after
re-indexing and denoting this convergent subsequence by {&,,n > 1}, let £, — £ in M (Z2) as
n — oo. By assumption, d(&,,=(s)) > ¢ for each n > 1, and hence d(&,Z(s)) > J. Using the

lower semicontinuity of V', we see that

V(€) <liminf V() < liminf(s 4 ¢,) = s.

n—oo n—oo

Hence £ € =(s). This contradicts d(&,=(s)) > 0, which is a consequence of our assumption.

This proves the lemma. ]

We are now ready to prove the LDP upper bound for the family {o", N > 1}. The
proof relies on the uniform LDP upper bound in Theorem 4.2, the exponential tightness of the
family {", N > 1}, the containment property established in Lemma 4.9, an estimate on the
probability that p lies in .7, (M, A) (which uses the process-level uniform LDP upper bound
in Theorem 4.2 and the result of Lemma 4.8), and finally the strong Markov property of u®.

Lemma 4.10. For any v >0, 0 > 0, and s > 0, there exists Ny > 1 such that

P {¢ € My(Z) : d(¢,E(s)) > 6} < exp{—N(s —7)}

for all N > Nj.

Proof. Fix v > 0, § > 0, and s > 0. Choose M > 0 and N; > 1 such that p"(~.#) <
exp{—Ns} for all N > Njy; this is possible from the exponential tightness of the family {p", N >
1}, see Proposition 4.1. For the given s > 0 and § > 0, from Lemma 4.9, choose A > 0 and
T, > 0 such that (4.20) holds for all 7" > T}. For the above choice of A > 0 and M > 0, by
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Lemma 4.8, choose mg € N such that such that (4.19) holds. By (4.19) and the compactness
of q)[jog};n"] in D([0,mp], M;1(Z)), the closure of .7, (A, M) does not intersect @EZZO]. It follows
that there exists a dp > 0 such that ¢ € .7, (A, M) implies p(yp, (IDE;’;"O](S)) > 0p. Hence by the
uniform LDP upper bound in Theorem 4.2, there exists Ny > N; such that

Y (1N € Fno (&, M)) < BY (pl(u, 857 > 60)
< exp{~N(s = 7/2)} (4.21)

for all ¢ € Ay N MY (Z) and N > N,. Thus, with T = mg + T} and N > N,, we have

p"{¢ € Mi(2) 1 d(C,Z(s)) > 6}

_ / PY (d(u™ (T), 2(s)) > 6)p" (dC)
MY (2)

<ew(-Naj+ [ RN, 20) 2 00" 40

<exp{—Ns}+ sup PI(u" € 7, (A, M)
CG%]\{QM{V(Z)
4 / Y (4N ¢ S (A, M), d(u(T),Z(s)) = 8)p" (dC)
< exp{—Ns} + exp{—N(s — 7/2)}

+f BY (1 ¢ g (A M), d(nV (1), Z(s)) 2 9)p™ (dC): (4.22)
HunMY (Z)

here the first equality follows since " is invariant to time shifts, the first inequality follows
from the choice of M, and the third inequality follows from (4.21).

To bound the integrand in the third term above, let 7" > T; and ¢’ € K(A). Choose
0 < ¢ < 9§ (depending on T and s, and not on ¢’ and T”) such that p(p1, ps) < ¢'/2 implies
d(p1(T"), 2(T")) < /2 whenever ¢, € D([0,7"], M1(Z)) and ¢y € CID[CQ’T/]. Note that if a
trajectory ¢ on [0, 7] with initial condition ¢(0) = ¢’ is such that p(y, CID[C?’TI](S)) < 40'/2, then
there exists a trajectory ¢’ € QD[CO,’T,](S) such that p(p,¢’) < §/2. By the choice of ¢, we have
d(e(T"), ¢ (T")) < 6/2. By Lemma 4.9, we find that d(¢'(T"),=(s)) < §'/2. Hence by triangle
inequality d(o(1"),=(s)) < 6/24 6'/2 < §. The contrapositive of the above statement is

d((T"),2(s)) = 6 = ple, 25" (s)) > 0'/2.
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We therefore conclude that
PY (d(u™ (1), Z(s)) > 6) < PY (p(™, 357 (5)) > 8'/2) (4.23)

for all 7" > Ty, ¢' € A (A)NMY(Z), and N > 1.
Note that the integrand in the last term of (4.22) can be upper bounded by

PE (WY ¢ Fng (A, M), d(p™(T), E(s)) = 0)
= IP’éV(,uN(m) € K(A) for some m = 1,2,...,mg, d(™(T),Z(s)) > 6)

mo

<3S s BYWWN(T - m),E(s)) > 0)

T = veR(A)NMY(2)
mo

<Y s BNt e DT -m) 80T 282 (2
m=1 ¢'EK(A)NMIY (2)

where the first inequality follows from the strong Markov property of 1/ and the second inequal-
ity follows from (4.23) by the choice of T. By the uniform LDP upper bound in Theorem 4.2,
for each m = 1,2, ...my, there exist N(m) > N; such that

PY (p((uN (t),t € [0,T —m]), 857" (s)) > §'/2) < exp{—N{(s — 7/2)}

for all ¢' € A (A)NMY(Z) and N > N(m). Put N3 = max{N(m),m =1,2,...,mg, N1, Na}.
Then (4.24) yields

P (1" & Fing (A, M), d(p™(T),

[1]

(s)) = 0) <moexp{—N(s —7/2)}
for all ¢ € #y N MY (Z) and N > N3. Substitution of this back in (4.22) yields
P {¢ € Mi(2) 1 d((,E(s)) 2 6} < exp{—Ns} + (mg + 1) exp{—N(s — 7/2)}

for all N > Nj. Finally, choose Ny > N3 such that 1+ (mg + 1) exp{N~/2} < exp{N~} for all
N > Ny. Then the above display becomes

™ {¢ € My(Z) : d(¢,E(s)) > 6} < exp{—N(s —7)}

for all N > Ny. This completes the proof of the lemma. m
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4.7 Proof of Theorem 4.1

We now complete the proof of Theorem 4.1.

e (Compactness of level sets). For any s > 0, by Lemma 4.7, the set Z(s) = {{ € M;(2) :
V(€) < s} is a compact subset of M;(Z);

e (LDP lower bound). Given v > 0, 6 > 0, and £ € M;(Z), by Lemma 4.3, there exists
Ng > 1 such that

p"{C € Mi(Z) 1 d(C,€) < 0} = exp{-N(V (&) +7)}

for all N > Np;

e (LDP upper bound). Given v > 0, § > 0, and s > 0, by Lemma 4.10, there exists Ny > 1
such that

" {C € My(Z) 1 d(¢,E(s)) = 0} < exp{—=N(s — )}

for all N > Nj.

This completes the proof of Theorem 4.1.

4.8 'Two counterexamples

In this section, for two non-interacting counterexamples described in Section 4.1.2, we prove
that the quasipotential is not equal to the relative entropy with respect to the corresponding
globally asymptotically stable equilibrium. These two counterexamples are (i) a system of non-
interacting M/M/1 queues, and (ii) a system of non-interacting nodes in a wireless local area
network (WLAN) with constant forward transition rates. We detail the proofs in the case of
non-interacting M/M/1 queues. Similar arguments carry over to the case of non-interacting

WLAN system with constant forward transition rates as well.

4.8.1 A system of non-interacting M /M /1 queues

Recall the system of non-interacting M/M/1 queues described in Section 4.1.2.1. Recall the

relative entropy from (4.4) and the process-level large deviations rate function from (4.7). Also
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recall the function ¥ and the compact sets J#y;, M > 0. Define the quasipotential

Va(€) = nf{SS 1 (91€5), 2(0) = &, p(T) = €. > 0}, € € My(2),

where S€ is defined by (4.7) with & replaced by g and L replaced by L? for each ¢ € M;(Z).

We first prove that the quasipotential V( is not finite outside 2. The key property used
for this is the fact that the attractor &, has geometric decay. As a consequence (£, 7) < oo.
Using this property, we first show that if £ ¢ ", then the associated quasipotential evaluated
at & cannot be finite. This is shown by producing a lower bound for the cost of any trajectory
starting at &7, and ending at § ¢ # from the rate function in (4.7).

Lemma 4.11. If £ € My(Z2) is such that £ ¢ ', then Vo(§) = 0.

Proof. Fix§ € My(Z). Let T'> 0 and ¢ € D([0, 7], M1(Z)) be such that py = £ and o = &.
For each n > 1, define f,, by

z, if z<n
fn(z) = 2n —z, ifn+1 <z < 2n,
0, if z > 2n,

and define fo(z) = z for each z € Z. We first assume that (£, f) = co. In particular, £ ¢ 7.
Using the function f, in place of f in the RHS of (4.7), we have

S (1E8) > Gor. o) — (6 1) — [

[0,7]

(s LOS) — / S () = Fu(2)Aepul2)du

[0,T] (z,2")€EQ

—{orfa) < (Gt = [ 3 @) = Sule)} ~ Dhawipul)du,
(0,71 (z,2")€€q
where X\, .11 = Ap, 2 € Z,and A, .1 = Ny, 2 € 2\ {0}. Noting that f,(z") — f.(2) is either 1, 0

or —1 for each (z,2') € Eq, we have 3, e (exp{/fu(2) = fu(2)} = DAz pu(2) < 2(e = 1Ay
for each u € [0,T]. Hence the above becomes

Soa(PI€Q) = (er, fu) = (€5, f) —2(e = DAT.

Note that (£, foo) < 00. Hence, letting n — 0o and using the monotone convergence theorem,
we conclude that 5{%@(@\5&5) = 0.
We now assume that £ ¢ J# is such that (£, fo) < 0o. Let T'> 0 and ¢ € D([0,7], M1(2))
be such that ¢o = £, and o7 = . Without loss of generality, we can assume that sup,¢( 1 (o1, foo) <
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00; otherwise the argument in the above paragraph shows that S[%) T](90|§5) = 00. Define

V(z), if z <mn,
Un(2) =¢q 92n—2)ifn+1< 2 < 2n,
0, if z > 2n.

Using 9,, in the RHS of (4.7), we get

S2 11 (91€) > (€. 9a) — (€50 Vn / - Z (@D {Ia() — Da(2)} — DA opu(2)du

Noting that 9,,(2') — ¥,(2) can be upper bounded by 1 + log(z + 1) for each (z,2') € &g, it

follows that 3, .ce, (exp{Un(2') — Pn(2)} — DA.2pu(z) < 2X(e(supseio, (e, foo) + 1) — 1)
for each u € [0, 7). Hence the above display becomes

Sy (#1€5) = (€,9n) — (€5, 9n) — 2X(e( sup (py, foo) +1) = DT

t€[0,T]

As before, letting n — 00, using the monotone convergence theorem, and noting that &;, € 2,
we conclude that S[Cg,ﬂ(gp\é‘z?) = 00.
Since { ¢ A, T > 0, and p € D([0,T], M1(Z)) such that ¢y = &, and 7 = § are arbitrary,

the proof of the lemma is complete. O

We now prove the main result of this section, namely, the quasipotential Vg is not equal to

the relative entropy I(-[|£7)).

Proposition 4.2. Let £ € My(Z) be such that (§, foo) < 00 and § & . Then I(£||€5) < oo
and V(§) = oo. In particular, V # I(-]|&5).

Proof. By the Donsker-Varadhan variational formula (see Donsker and Varadhan [31, Lemma 2.1]),
for any £ € M;(Z) and any bounded function f on Z, we have

I(€]|€5) = (€, f) —log (Z exp{f<z>}§5<z>> .

z€EZ

Recall the definition of f,, and f. from the proof of Lemma 4.11. Let 3 > 0 be such that
Yosez eXp{Bz}%(z) < 0o. Replacing f by Bf, in the above display, letting n — oo and using
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the monotone convergence theorem, we arrive at

zEZ

B, foo) < T(ENIEG) + log (Z eXp{Bz}ﬁég(Z)) :
It follows that

{§ e Mu(2) - 1(£]l€g) < o0} CH{E € Mu(2) : (€, foo) < 00}

On the other hand, since (£}, foo) < 00, it is easy to check that {{ € M1 (2) : I(§[|§5) < oo} D

{5 € Ml(Z) . <£7foo> < OO}
Let £ € My(Z) be such that (£,1) = oo and (€, fo) < 00. Then the above yields I(£]|&5) <
0o. By Lemma 4.11, we see that Vy(§) = co. This completes the proof of the proposition. [

4.8.2 A non-interacting WLAN system with constant forward rates

Recall the model described in Section 4.1.2.2. Define the quasipotential

VW(&) = 1nf{S[‘ng](90|£a/)7 Yo = g;{/’SOT = éaT > 0}7 é S Ml(z)7

where SV is defined by (4.7) with & replaced by &y and L, replaced by LY for each ¢ € M;(Z).

We now state the main result for this non-interacting wireless local area network.

Proposition 4.3. Let £ € M(Z) be such that (€, foo) < 00 and & & & . Then I(£||&) < oo
and V(&) = oco. In particular, Viy # I(-|&y)-

We start with the following lemma. The proof follows along similar lines of the proof of
Lemma 4.11 by noting that (&,,9) < oo, and it is left to the reader.

Lemma 4.12. If £ € M (Z2) is such that £ ¢ ', then Viy(§) = oo.

Using the above lemma, we can now prove Proposition 4.3 along similar lines of the proof of

Proposition 4.2 in the previous section.
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4.A Proofs of Section 4.2

Proof of Lemma 4.1. Fix T >0, s > 0, and K C M;(Z) compact. Given v € K, ¢ € oL T]( )
and a finite set B C Z, choosing f(t,2) = 1{.epy, (4.6) yields

pi(B) = ¢r(B) =/ Y (F) = FE)A+ h(u, 2, Az (0u)pu(2)du

[s:¢] (z,2")e€

for all 0 <r <t <T. Noting that h, > —1, we get
loi(B) — pr(B)] < /[ Z (14 (1, 2, 2')) X Lguepray Aoz (9u) u(2)du. (4.25)
0,7]

Noting that
sup / Z 7 (hy(, 2, 2)) Az (00) 0u(2)du, o € 0T (8) v € K 3 < s,
0,7

it follows that the family {1 + h,, ¢ € o ’T}(s), v € K} is uniformly integrable. That is,

sup {/ (1+ hy(u,2,2") X Lagn, sy s (pu)ou(2)du, o € @97 v € K} —0
(0,7

as M — oo. Hence for any M > 0, using the boundedness of the transition rates (from
assumption (E2)), (4.25) yields

|0(B) — ¢r(B)]

<N+ [ ST (1 bl 22) X L s e () oul 2
(0,7 (z,2")€€

forall 0 <r <t <T,and B C M;(Z). It follows that

sup sup  d(¢t, or)
QOGUueK‘I)LO’T] (s) t,r:t—r|<é
< 2MMNS + sup sup / Z (1+ hy(u, 2, 2"))
@GUVEK‘I’[VO’T](S) trift=r|<0 JI0,T] (2,2")€€E

X 1{1+h¢2M})‘z,Z’ (‘PU)SDu(Z)du
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Letting 6 — 0 first and then M — oo, we arrive at

lim sup sup  d(py, ) = 0.
N0 U e @07 (s) trilt—r|<8

Hence it follows that Uy ¢ g @ (s) is precompact in D([0, 7], M;(Z2)) (see, for example, Billings-
ley [12, Theorem 12.3]).

To show that U,,GK(P,[,O’T](S) is closed, let {@,,n > 1} C Ul,eKCI)I[,O’T](s) and suppose that
©n — ¢ in D(]0,T], M;(Z)). Note that the mapping

Y rale) - a(z))Az,z«u)u(z)}

oo
o€R z,2")eE

M (Z) x R* 3 (u,v) — sup {(a,v —Nou) —
(
is lower semicontinuous (see, for example, Berge [7, Theorem 1, page 115]). Hence, by Fatou’s

lemma, we see that
So.m)(#le(0)) < liminf Stz (0n]9n(0)) < s,

and it follows that U,¢ K@Y ’T](s) is closed. Consequently, U, ¢ K ®L ’T}(s) is a compact subset of
D([0,T], M1 (Z)). O

Proof of Theorem 4.2. Let MY(2) > vy — v in M(Z) as N — oo. Then the family
{ul, . N > 1} satisfies the LDP on D([0, T}, M, (Z)) with rate function Sjo71(-|v/) (see Léonard [55,
Theorem 3.1] and Borkar and Sundaresan [15, Theorem 3.2]). By Lemma 4.1 on the com-
pactness of level sets of Sjo1(-|v), v € K, for any compact subset K of M;(Z), it follows
that the family {u),v € MY (Z),N > 1} satisfies the uniform large deviation principle on
D([0,T], M1(Z)) over the class of compact subsets of M;(Z) with the family of rate functions
{S.(-|v),v € Mi(Z)} (see Budhiraja and Dupuis [17, Propositions 1.12, 1.14]). O
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Chapter 5
Conclusion

This thesis studied the large time behaviour, metastability, and the asymptotics of the invariant
measure in models of Markovian mean-field interacting particle systems. The general princi-
ple in this thesis has been to first study the process-level large deviations of the underlying
stochastic model and then use this to study the large time behaviour, metastability, and the
large deviations of the invariant measure. In Chapter 2, we used the existing results on the
process-level large deviations of finite-state mean-field models to study its large time behaviour
and metastability. In Chapter 3, we proved the process-level large deviations of two time scale
mean-field models and then used the results of Chapter 2 to study its large time behaviour and
metastability. In Chapter 4, we considered countable-state mean-field models, extended the
process-level LDP to the uniform LDP over the class of compact subsets, and then used this to
prove the large deviations of the invariant measure.

This general principle of studying the large time behaviour of stochastic systems by first
studying the large deviations over finite time horizons and then passing to the large time limit
has been employed in other contexts as well [80, 23, 15, 58]. However, in Chapter 4, we demon-
strated two counterexamples where the LDP for the family of invariant measures holds but the
rate function for this LDP is not governed by the usual Freidlin-Wentzell quasipotential. This
suggests that, to apply the above general principle, the underlying stochastic dynamics must
have some “good” properties, especially for infinite-dimensional problems where the state space
of the underlying stochastic process is not locally compact. In the case of finite-dimensional
problems studied in Chapter 2 and Chapter 3, the assumptions imposed on the particle tran-
sition rates sufficed to prove the uniform LDP for the underlying model and the necessary
small-cost connection properties, which enabled us to carry out this general procedure. In
Chapter 4, however, we needed the additional 1/z-decay of the forward transition rates to

carry out the procedure.
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5.1 Future directions

We now discuss some open questions and future directions.

Uniform large deviations over the class of open subsets for countable-state mean-field models:
To study the large deviations of the family of invariant measures of countable-state mean-field
models in Chapter 4, we used the uniform large deviations of the empirical measure process
over the class of compact subsets of the space of probability measures on Z. An interesting open
question here is to establish the uniform LDP for the empirical measure process over the class
of open subsets of the space of probability measures on Z. In the case of finite-state models,
since the space of probability measures on a finite set is locally compact, the former uniform
LDP over the class of compact subsets of the space implies the uniform LDP over the class of
open subsets. This is no longer true for countable-state models since the closure of open sets are
not necessarily compact. It is not clear if the countable state space model studied in Chapter 4
satisfies the uniform LDP over the class of open subsets of the space; further assumptions
on the model are perhaps required to established this. This is an interesting future direction
to explore. Once this is established, we can study the asymptotics of the family of invariant
measures of countable-state mean-field models when the limiting dynamics possesses multiple
stable equilibria. We can also use this to study the exit time asymptotics, and the large time
behaviour and metastability in countable-state mean-field models using ideas similar to those

used in Chapter 2.

Generalised quasipotential: The counterexamples in Chapter 4 suggest that there could be
a more general notion of the quasipotential that governs the rate function for the family of
invariant measures of a broad class of problems. This generalised quasipotential may reduce
to the usual Freidlin-Wentzell quasipotential for finite-dimensional problems and the infinite-
dimensional problem considered in Chapter 4 with the 1/z-decay assumption on the transition

rates. It would be interesting to look for such a generalised quasipotential.

Models with diminishing transition rates: The main results of this thesis are proved under the
assumption that the transition rates of the particles are bounded away from 0. Many models
that arise in practice, especially those with a countable state space, have diminishing transition
rates as we approach some boundary of the state space; see, for example, Budhiraja et al. [19]
for the study of the process-level large deviations of the join-the-shortest queue model. In such
situations, the methods studied in this thesis needs to be extended suitably to establish the
process-level LDP. It would be interesting to study the large time behaviour and metastability in

the join-the-shortest queue model. More generally, it would be interesting to formulate a general
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mean-field interacting particle system with diminishing transition rates that is applicable for a
broad class of problems, study its process-level large deviations, the large time behaviour and

the exit time estimates, and the large deviations of the family of invariant measures.

Countable-state models with time scale separation: Another interesting direction is to explore
the large deviations of two time scale mean-field models with countable state space, which is
an extension to the model studied in Chapter 3. The proof techniques in Chapter 3 relies on
the fact that the state space is locally compact, and that nearby points in the space can be
connected with trajectories of small cost. These properties are then used to show the necessary
regularity properties of the variational problems studied in Chapter 3. If the state space (of the
empirical measure process) is not locally compact then the ideas used in the proofs of Chapter 3

are no longer directly applicable. It would be interesting to study this situation.
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